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Abstract

Reinforcement learning (RL) often has a hier-
archical structure, where an upper-level (UL)
learner selects model parameters and a lower-
level (LL) decision-making process responds, nat-
urally leading to a bilevel optimization prob-
lem. Most existing bilevel RL methods as-
sume a single-policy LL. Markov decision pro-
cess (MDP), and therefore fail to capture com-
petitive structures arising in applications such as
incentive design, where multiple policies inter-
act. We study bilevel optimization problems in
which the LL problem is a regularized min—max
zero-sum Markov game and the UL objective
is optimized through the saddle-point equilib-
rium induced by the LL game. In this work,
we propose penalty-augmented Nikaido—Isoda
descent—ascent (PANDA), a penalty-based first-
order policy-gradient method based on the
Nikaido—Isoda function. By exploiting the
min—-max game structure, PANDA avoids com-
puting UL hypergradients and does not require
second-order information. We prove that PANDA
converges to stationary points without convex-
ity assumptions on either the UL or LL objec-
tives. Moreover, PANDA reaches an e-stationary
point in O(¢ 1) iterations with sample complex-
ity O(e~?), matching the best-known rates for
bilevel RL with single-policy LL. MDPs. Exper-
iments demonstrate the superior performance of
PANDA over closely related baselines.

1. Introduction

Bilevel reinforcement learning (BRL) studies hierarchi-
cal decision-making settings in which an upper-level (UL)
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learner optimizes high-level variables that shape a lower-
level (LL) reinforcement learning (RL) problem. This
paradigm has recently gained momentum as a flexible tool
for modeling and solving complex learning and control
problems, and a growing body of work has developed prin-
cipled bilevel algorithms together with convergence guar-
antees (Chakraborty et al., 2024; Thoma et al., 2024; Shen
et al., 2025).

Despite this progress, most existing BRL methods treat
the LL as a single-policy Markov Decision Process
(MDP) (Chakraborty et al., 2024; Thoma et al., 2024; Gaur
et al., 2025; Zeng et al., 2025). This assumption sidesteps
the competitive structure that is central to many real ap-
plications, where multiple decision-makers with opposing
objectives interact and the UL must reason through their
equilibrium behavior. A canonical model for such multi-
policy interactions is the min—max zero-sum Markov game
(MMZSMG), which has been extensively studied from both
theoretical and algorithmic perspectives (Bai et al., 2020;
Zeng et al., 2022; Cen et al., 2024) and has found broad
use in artificial intelligence (Munos et al., 2024; Kuba et al.,
2025).

However, bilevel optimization over saddle points of regu-
larized min—max zero-sum Markov games (BOSMG) at the
LL remains comparatively underdeveloped. In particular,
there is an urgent need for algorithms that can optimize UL
variables through the LL saddle-point equilibrium while
remaining computationally efficient in large-scale, sample-
based settings. The main obstacle is that an MMZSMG
induces strategic coupling between two opposing policies:
each player’s optimal response depends on the other’s be-
havior. This competitive interaction is fundamentally differ-
ent from a single-policy MDP and makes algorithm design
substantially more challenging, since one must account for
the simultaneous optimization of both players. As a result,
many BRL methods tailored to single-policy LL MDPs do
not transfer directly.

For instance, hyper policy gradient descent (HPGD) pro-
posed in Thoma et al. (2024) and soft BRL algorithm (So-
BiRL) proposed in Yang et al. (2025) use first-order oracles
to construct hypergradients, but their constructions rely on
structural properties specific to single-policy MDPs. In an
MMZSMGQG, the coupled two-policy optimization breaks
these derivations, rendering the corresponding hypergra-
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Table 1. Comparison of the proposed PANDA algorithm with existing methods. Deter. and Stoc. denote deterministic and stochastic
settings, respectively. N/A indicates that the method does not provide theoretical guarantees on iteration complexity or sample complexity.
indicates methods applicable to multi-agent competitive settings. - means sample complexity is not considered in deterministic

algorithms.

Algorithms LL Problem Deter. or Stoc.  Iteration Complexity = Sample Complexity Oracle
PARL (Chakraborty et al., 2024) Max Deter. @(e_l) - Ist + 2nd
PBRL (Shen et al., 2025) Max Deter. O~(e_1‘5) - Ist
HPGD (Thoma et al., 2024) Max Stoc. 9(672) _N/A Ist
SoBiRL (Yang et al., 2025) Max Stoc. O(e” 15) O~(€73‘5) Lst
First-Order BRL (Gaur et al., 2025) Max Stoc. Q(e’l) Q(e’3) Ist
SLAC (Zeng et al., 2025) Max Stoc. O(e™®) O(e™®) Ist
Meta-Gradient (Yang et al., 2022) Min-Max Stoc. ~N/A N/A 1st
DA (Wang et al., 2023) Min-Max Deter. Q(e_l) - Ist + 2nd
PBRL (Shen et al., 2025) Min—Max Deter. O(e™19) - Ist
PANDA (Ours) Min-Max Stoc. O™ O(e7?) Ist

dient formulas inapplicable. Likewise, penalty-based ap-
proaches in BRL, such as the first-order approach to BRL
(First-Order BRL) proposed in Gaur et al. (2025) and the
single-loop actor-critic algorithm (SLAC) proposed in Zeng
et al. (2025), often use value-function-based reformulations
that encode LL optimality as constraints for a single policy,
which do not directly extend to the saddle-point structure of
an MMZSMG.

Due to these challenges, only a few methods have been pro-
posed for BOSMG. Existing approaches are either heuristic,
updating UL parameters via policy-gradient steps with re-
spect to each objective without a corresponding convergence
result, as in the meta-gradient incentive design with pipelin-
ing method (Meta-Gradient) of Yang et al. (2022); or they
rely on second-order information, such as Hessian inverses,
which is typically computationally prohibitive at scale, as
in the differentiable arbitrating (DA) algorithm of Wang
et al. (2023). While a penalty-based BRL gradient-descent
(PBRL) algorithm proposed in Shen et al. (2025) uses only
first-order oracles, their guarantees establish convergence to
a stationary point of the penalized surrogate rather than to a
stationary point of the original bilevel problem. Moreover,
much of the existing theoretical analysis is restricted to de-
terministic regimes, leaving open the stochastic setting that
is standard in RL, where gradients must be estimated from
sampled trajectories and sample complexity is a primary
concern.

This motivates the following research question:

Can stochastic first-order methods solve BOSMG with
provably efficient iteration and sample complexity?

1.1. Related Works

Bilevel Optimization. Recent years have seen significant
progress in developing first-order algorithms for bilevel
optimization with rigorous theoretical convergence guaran-
tees (Lu & Mei, 2024; Shen & Chen, 2023; Kwon et al.,
2024; Huang, 2024; Liu et al., 2024). In particular, penalty-

based methods have attracted particular attention due to
their simplicity and strong empirical performance (Shen &
Chen, 2023; Kwon et al., 2024; Chen et al., 2025; Lu, 2025).

When the LL problem is strongly convex, Kwon et al. (2023)
reformulate the LL optimality condition as a constraint via
the function value gap, and incorporate this gap into the UL
objective through a penalty term. Their method alternates
between optimizing the LL variables using an aggregated
surrogate objective and updating the UL variables using
the resulting surrogate that is approximately optimized with
respect to the LL variables. Building on this nested struc-
ture, Chen et al. (2025) further show that, when the penalty
coefficient is sufficiently large, this approach converges to a
hypergradient-based stationary point of the original bilevel
problem with near-optimal iteration complexity.

For nonconvex LL problems, a widely studied regime as-
sumes that the LL objective satisfies the Polyak-Lojasiewicz
(PL) condition (Lu, 2023; Xiao et al., 2023; Huang, 2024).
Under this assumption, Kwon et al. (2024) and Chen et al.
(2024) establish that if both the LL objective and the surro-
gate objective satisfy the PL condition, then their proposed
penalty-based algorithms converge to hypergradient-based
stationary points of the original bilevel problem. More
recently, Jiang et al. (2025) show that if the UL objective ad-
ditionally satisfies a stronger regularity requirement than PL.,
namely a flatness condition, then one can design a single-
loop algorithm that still provably finds these hypergradient-
based stationary points.

Bilevel Reinforcement Learning. Compared to single-
level RL, which has been extensively studied (Sutton et al.,
1999; Nachum et al., 2017; Sutton & Barto, 2018; Geist
et al., 2019; Mei et al., 2020; Agarwal et al., 2021; Xiao,
2022), BRL has recently attracted growing attention for
its ability to model hierarchical decision-making, particu-
larly in the development of efficient algorithms (Chen et al.,
2022; Chakraborty et al., 2024; Li et al., 2024). For example,
motivated by reinforcement learning with human feedback
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(RLHF), Chakraborty et al. (2024) propose an algorithm for
policy alignment in RL (PARL), which requires computing
second-order derivatives of the loss functions. HPGD pro-
posed Thoma et al. (2024) and SoBiRL proposed in Yang
et al. (2025) leverage closed-form characterizations of op-
timal policies in regularized LL. MDPs, and use first-order
information for estimating hypergradients, thereby avoiding
second-order oracles.

In parallel, penalty-based BRL methods provide an alterna-
tive that bypasses hypergradient computation entirely while
using only first-order information from the underlying ob-
jective functions. In particular, Shen et al. (2025) propose a
penalty-based approach PBRL in the spirit of penalty meth-
ods in bilevel optimization. Under PL-type conditions, Gaur
et al. (2025) propose First-Order BRL, and establish the
best-known iteration and sample complexity guarantees for
penalty-based BRL. More recently, Zeng et al. (2025) de-
velop SLAC for BRL and provide convergence guarantees
to hypergradient-based stationary solutions of the original
BRL formulation.

Min-Max Zero-Sum Markov Games. Min—max zero-
sum Markov games are a canonical model for competitive
sequential decision making, providing a principled exten-
sion from single-agent MDPs to adversarial multi-agent
settings, and their theoretical foundations are well estab-
lished (Littman, 1994; Bai et al., 2020; Bai & Jin, 2020;
Yang & Ma, 2023; Kalogiannis et al., 2025). Recent ad-
vances for regularized zero-sum Markov games further de-
liver strong algorithmic and statistical guarantees, including
linear convergence to Nash equilibria under suitable regu-
larization (Zeng et al., 2022; Cen et al., 2023; 2024; Nayak
et al., 2025). Besides, a range of recent and practically im-
portant applications can be modeled through such games.
For example, several lines of work in RLHF formulate pref-
erence learning via two-player zero-sum Markov games
coupled with a preference model (Swamy et al., 2024; Ros-
set et al., 2024; Munos et al., 2024; Ye et al., 2024; Zhang
et al., 2025; Zhou et al., 2025).

Bilevel Optimization with Min—-Max Structured Games
at LL. Yet, when such competitive games appear as the
LL component of a bilevel problem, the landscape changes
dramatically: the UL must optimize through an equilibrium
induced by coupled min-max dynamics. A representative
application is incentive design, where a principal at the UL
shapes incentives to influence the behavior of competing
agents at the LL (Yang et al., 2020; Liu et al., 2022; Yang
et al., 2022).

Provably efficient methods for this setting remain scarce.
Existing attempts highlight this gap. Meta-Gradient (Yang
et al., 2022) targets this setting but is heuristic and pro-
vides no convergence guarantees. Hypergradient-based ap-
proaches such as Liu et al. (2022) require inverting the
LL Hessian, relying on the strong assumption that second-

order information can be accurately estimated. Similarly,
DA (Wang et al., 2023) estimates the Markov-game value-
function Hessian via policy gradients and still requires Hes-
sian inversion to form the hypergradient, which can be pro-
hibitive in large-scale RL. In addition, Yao et al. (2024)
also consider related bilevel problems. However, their main
focus is constrained bilevel optimization, where the LL prob-
lem involves functional constraints and is reformulated via
a Lagrangian-based gap function, leading to a convex-linear
primal-dual saddle-point structure rather than a zero-sum
Markov game. Closest in spirit to our approach, Shen et al.
(2025) propose a first-order penalty method by aggregat-
ing the UL objective with a Nikaido—Isoda (NI) gap term
constructed from the LL loss.

1.2. Main Contributions of This Work

In this work, we propose penalty-augmented Nikaido—Isoda
descent—ascent (PANDA), a first-order method for solving
BRL problems in which the LL is a regularized MMZSMG
and the UL optimizes through the induced saddle-point
equilibrium. Using a penalty-based reformulation, PANDA
relies only on first-order information and avoids UL hy-
pergradient computation, thereby eliminating the need for
second-order derivatives. Moreover, by exploiting the in-
trinsic structure of regularized MMZSMG, we prove that
PANDA converges to approximate stationary points of the
original bilevel problem without imposing restrictive con-
ditions, such as strong convexity, on either the UL or LL
objectives. To the best of our knowledge, PANDA is the first
stochastic first-order algorithm for bilevel problems with a
regularized MMZSMG at the LL that achieves O (e~ 1) iter-
ation complexity and @(6*3) sample complexity, matching
the state-of-the-art rates for BRL with a single-policy MDP
at the LL (Gaur et al., 2025).

The main contributions of this work are highlighted as fol-

lows:

» We propose PANDA, a first-order, stochastic, policy-
gradient-based algorithm for BOSMG, making it readily
applicable to large-scale and sample-based settings.

» To the best of our knowledge, this is the first theoretical
result showing that a stochastic first-order method can
find an e-stationary point of the original bilevel problem
in O(e~!) iterations with O(e~3) samples, matching the
best-known rates for BRL with a single-policy LL. MDP.

» We establish several structural results for the underly-
ing BRL formulation, including the uniqueness of LL
saddle points under general regularization, as well as
smoothness and a non-uniform PE property of the NI
function. These properties yield new insights into reg-
ularized MMZSMGs and may serve as useful tools for
future work.

» We validate PANDA across multiple environments,
where it consistently outperforms closely related baseline
methods.
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2. Bilevel Optimization over Saddle Points of
Zero-Sum Markov Games

In this work, we study the following BRL problem, where
the LL problem is a regularized MMZSMG:

min, f(x,0,1) (1)

s.t. (¢, 0) € argrr(;i/nnllﬁx J(z, ¢, ) (1b)

where f denotes the UL objective, ¢ and v are learnable
policy parameters, and .J is the LL objective. Here, the UL
objective f is evaluated at the UL decision variable x and
the optimal policy pair (74, 7y ) induced by the LL prob-
lem. We nevertheless write it as f(x, ¢, ¢) for notational
convenience. In particular, J corresponds to the regularized
value function, which we define explicitly below.

2.1. Regularized Min—-Max Zero-Sum Markov Games at
LL

Let M(z) £ {S,A,B,r,,P,v,h} be a regularized
MMZSMG, where S is a finite state space; A and B are
finite action spaces for the min-player and max-player, re-
spectively; 7, : S X A x B +— R is the parameterized
reward function; P : S x A x B A|5‘ is the transition
kernel; v € (0, 1) is the discount factor; and h = (hs)ses
is a regularizer, where each hs : A4 X Ajg — Ry is
strongly convex in the min-player’s mixed strategy and
strongly concave in the max-player’s mixed strategy at state
s. Furthermore, let 74 (+|s) € A 4 denote the min-player’s
policy parameterized by ¢ for each state s, and similarly let
7y (-|s) € Ajp| denote the max-player’s policy parameter-
ized by ) for each state s. We consider policy parameteriza-
tions that are expressive enough to represent all the mixed
policies in the policy class.

For any policy pair (7, m,), the regularized state-value
function at state s is defined as

V/‘I\Tj&(gl—)w (S) é E [Z ’)/t (rw(st, at, bt)
t=0

T, <7r¢<-|st>,m<-|st>>)

S0 = S, ¢7¢,M(l’)‘| . (2)

For an initial state distribution p € A|s| with full sup-
port, i.e., minges p(s) > 0, we define VL“’(’;T)’/’ (p) =&
Es~pvf7\:1¢(’;:)w(3)- o
J(z, ¢,1) to denote VM‘l’(’x)w (p) whenever the dependence
is clear from context.

For notational simplicity, we write

Due to the strong convexity—concavity of the regularizer,
the LL min—max problem admits a unique optimal policy
pair, which coincides with the saddle point of the game in
the policy space.

Proposition 1. For any given x, the regularized MMZSMG
admits a unique equilibrium policy pair (7} (z), 7, (x))

such that for any ¢ and 1,

75 (z),m, wy(z),m, (x) T, (X)
VMd)(;,;) w(ﬁ) < VMd)(m) v (p) < VM¢(m)d (). 3

Moreover, we have

W;(w)aﬂ';@(w) _ . Ty T
VM(z) (p) = m(;n mgx VM(ZE) (p)
— H Ty T

= mj}x min V(o) (p).

This optimal policy pair is also referred to as the Nash equi-
librium (NE) of the regularized MMZSMG.Proposition 1
establishes, to the best of our knowledge, the most general
uniqueness guarantee for equilibrium policies in regular-
ized MMZSMG, in the sense that the regularizer hs can be
any state-wise strongly convex—concave function with arbi-
trary strong convexity/concavity moduli. For concreteness,
throughout the remainder of this work we focus on entropy
regularization, i.e.,

hs(ms(-|s),my (-|s)) = =T H (75 (-]5)) +7y H(my (-]5)), (4)

where 74 > 0 and 7, > 0 are the regularization coefficients.

Remark 1. Other regularization choices are also covered
by Proposition 1. For example, a KL-based regular-
izer, hy(o(1s). 7 (1)) = 75 KL(mo(15) || mrer (-]s)) +
Ty KL(my (+]8) || mret(+|5)), is a special case that is often use-
ful in practice, where m..s denotes a reference policy.

Consequently, problem (1) can be equivalently reformulated

. min F(z) £ f(z,6"(x), 4" (x)). )

Here, ¢*(z) € {¢: 7 = 7} (x)} and ¥*(z) € {¢ : 7y =
()} denote parameters that induce the optimal policy
pair of the LL min—max game for a given z. We note that
the UL objective f is evaluated at the equilibrium policy
pair induced by the LL problem. Although there may exist
multiple optimal parameter pairs, they all induce the same
unique equilibrium policy pair (7(z), 7, (z)) and hence
yield the same value of f.

2.2. Penalty-Based Reformulation of BOSMG

However, computing the hypergradient of F'(z) with re-
spect to x via the chain rule is computationally expensive,
since the parameter x couples the UL and LL problems. By
Proposition 1, the policy pair induced by (¢*(z),v*(z))
coincides with a saddle point of the LL. min—max prob-
lem. This observation motivates the use of the classical NI
function (Nikaidd & Isoda, 1955) to quantify how far the
policy pair induced by (¢, 1) is from equilibrium in the LL
MMZSMBG. Specifically, the NI function for our problem is
defined as

9(z,6,9) £ max J(z, ¢,¢') —min J(z, ¢, ¥),  (6)
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which is always nonnegative and equals zero if and only if
the policy pair induced by (¢, v) is an NE of the MMZSMG
M(zx) (Von Heusinger & Kanzow, 2009).

Therefore, it is natural to use the NI function to reformulate
the original BRL problem (1) as

0,0) st g(w

min f(z

2Py

,¢,9) < 0. N

One of the most direct approaches to solving the resulting
single-constraint optimization problem (7) is to employ a
penalty method (Wright et al., 1999; Kwon et al., 2024;
Chen et al., 2025).

Subsequently, we define the following penalty-based objec-
tive function:

ﬁx(x,éﬁﬂb) £ f(l’

for some penalty parameter A > 0. We then define the asso-
ciated hyper-objective as the minimum value of £ (x, ¢, ¥)
for a given x:

L3 ()

2 min [, ¢,9) + Ag(x, ¢, ), ©

which can serve as a surrogate for F(x) in (5). This
leads to a simple strategy for solving (1): for a given
A > 0, first solve the inner penalty-based problem to obtain
(o3 (x), Y3 (x)) € argming  Li(x, ¢, 1), and then update
« by minimizing the resulting surrogate objective £} (z),
i.e., min, £} (x). Next, we propose a policy-gradient-based
algorithm for solving this class of BOSMG.

2.3. Policy Gradient Methods for BOSMG

Motivated by the nested structure induced by the penalty-
based reformulation of (1), our algorithm consists of three
components.

Step 1: Best-response approximation. (lines 7 — 10 in
PANDA) Solving (8) requires estimating the NI function,
which in turn entails approximately solving the two best
response problems in (6). To this end, we apply policy-
gradient descent/ascent to obtain ¢~> and 1[) as effective ap-
proximations of the best-response parameters.

To compute policy gradients V,J(x,¢,1) and
J(x,¢,1), we further define the joint action-value
function as

;j(g (s,a,b) =ry(s,a,b) + VES/VL%T)“’ (s").  (10)

Then the policy gradient V,J(z, ¢, 1) (cf. Lemma B.6 in
Appendix) is given by

Ve (z,¢,9) = {Zv Ve logme(at|st)

t=0

.(va{;w (st at, by) —7y log my (by]sy) +74 log 7r¢(at|st))} ,

where the expectation is taken over trajectories generated
by the policy pair (7, my) in the Markov game M ().

In implementation, we sample a batch of B trajectories
with truncated horizon length H and approximate the expec-
tation by the sample average. The resulting sample-based
gradient estimators are given by

By
~ 1 - A
V¢J($7¢7¢»BLH - P E V¢Jz($7¢7waH)7 (]1)
i=1

and the per-trajectory gradient estimator is given by

H-1
Vodi(x, 00 H) = > 7'V log me(ailsi)
t=0
(@G (i @i, bi) = 7 Tog o (bidl i)
+ 74 log 7r¢(ai7t|si’t)>, (12)

where @ﬁ(g (s, a,b) denotes an empirical estimate of the
Q-function, and {s; ¢, a; ., bi7t}f:51 is the ith sampled tra-
jectory of length H generated by sg ~ p, a; ~ me(+|s¢),
by ~ my(+]s¢), and si41 ~ P(+|s¢, ag, by). In this work, we
use Monte Carlo roll-outs to estimate the policy gradients.
The gradients V.,J (2, ¢, ) and V,.J (z, ¢,4; By, H) are
defined and estimated analogously.

Step 2: Penalty-subproblem approximation. (lines 11 —
12 in PANDA) The next step is to obtain ¢} («) and ¢3 ()
by solving the inner minimization problem

winh(e,6,0) £ 11, 0.0) + 9w 6.0). (13

Using the updated ¢ and 1) obtained from the best-response
approximation step, we are able to estimate the NI function
via

G(x, 0,0, 0,0) & J(x,0,0) — J(x,6,0),  (14)

and use it as a surrogate of g(x, ¢,1). We then update
(¢, 1) via stochastic gradient descent using the following
estimated gradient:

V(¢,¢)E(xa ¢7 ¢7 (Z;a 1;)

1 - -

Here, V(4 ) f(z,¢,9) is estimated from a batch of
size B in implementation as V(@w)f(x, o, ;B) =
% Ef;l V(@w)fi(:m $,1), where f;(z, ¢, 1) denotes the
per-sample objective estimate. After K update steps, we ob-
tain (¢, %), which is expected to be close to the optimal

solution (¢% (), ¥ ().

Step 3: Hypergradient step. (lines 16 — 17 in PANDA)
Finally, we apply stochastic gradient descent to update the
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Algorithm 1 PANDA: Penalty-Augmented Nikaido—Isoda
based Descent—Ascent

1: Input: Initial parameters xg, ¢g, 1, trajectory sample
batch size B, UL sample batch size B, horizon length
H.

2: Init (o, 20) < (0, %0) and (Zo, Z0) < (¢0,%0)

3: fort=0to7 — 1do

4 (o0, 9) + (Y1, 1)

50 (97, 99) + (G, Ze)

6: fork=0to K —1do

7: u? « v¢j(xtv¢~)fvwf;BJvH)

8 vF < Vo d (0, 6F, OF; By, H)

9: (;E%ZH — (éf - 77¢u,’f

10: LIA e wf —tnwvf

11: gzlf¢ < v(tﬁ,w)h(xtaqbfv'(/]fa f+17wi€+1;BJyByH)
12: ( f—Hv f+1)<—(¢fv¢f)—negf

13:  end for

14: (Yey1, 2e41) < (B8, 0F)

15: (yt+1>ztt\1) — (of, f)

16: Uy <= Vo Lx(T4, Yit1, 2e415 Yit1, Ze13 B, By, H)
17: T4l < Ty — nlét

18: end for

UL parameter x using the following estimate of the hyper-
gradient VL5 (x) in (18):

vmﬁ)\(xv QSKv 7/}K7 &Ka QZYK)
= Vo f(@, ¢ %) + A\V,g(x, o', 0, 5, 05), (16)

where V., f(x, ¢, %) is estimated analogously to
Vig.w)f(x,¢,9). Moreover, the gradient V,.J(z,¢,)
(cf. Lemma B.5 in Appendix) is given by V,J(x, ¢, )
= E[Y 207 Vara(se, a, by)], which we estimate us-
ing Monte Carlo roll-outs as Vrj(x,gb,zD;B,],H) =
B%, fz"l VaJ;(z, ¢,1; H) with per-sample gradient
Vodi(z, 0 H) = S0 A1V ora(8it, @i, big). The
detailed implementation of this policy-gradient-based algo-
rithm is summarized in Algorithm 1.

3. Theoretical Analysis of PANDA

In this section, we present the main theoretical convergence
results for the proposed PANDA algorithm. We begin by
stating the assumptions used in our analysis.

First, we impose the following blanket assumptions on
M(x) to ensure the well-posedness of the LL problem and
to facilitate our convergence analysis.

Assumption 1. Suppose the following conditions hold:

1. The reward function r, is bounded by B,, i.e.,
|rz(s,a,b)| < B, forany z, s, a, and b.

2. The reward function 7, (s, a, b) is C,.-Lipschitz contin-
uous and L,.-smooth in z, for any state s, action a, and

action b.
3. There exists some constant 6, > 0 such that 74 (als) >

0 for any (s,a) € S x A and 7y (b|s) > 0, for any
(s,b) € S x B.
4. There exists some constant §, > 0 such that the initial
distribution satisfies p(s) > d,, for any state s.
Remark 2. These conditions are commonly adopted in the
analysis of Markov games and BRL (Zeng et al., 2022;
Gaur et al., 2025). Next, we turn to the assumptions on the
objective functions.

Assumption 2. (Lipschitz continuity and PL condition)
Suppose the following conditions hold:

1. f(z,¢,1) is twice differentiable, Cy-Lipschitz contin-
uous, Ly 1-smooth and L >-Hessian Lipschitz contin-

uous in (z, @, V).
2. J(z, ¢, 1) is twice differentiable, C'j-Lipschitz contin-

uous, L s 1-smooth and L ; »-Hessian Lipschitz contin-

uous in (z, @, V).
3. There exists Ay > 0 such that for any given = and

c € (0,0, cf(x,b,9) + g(z,,9) is up-PE in

(¢, ).
Remark 3. The first two conditions are standard Lipschitz-
continuity assumptions on the UL and LL objective func-
tions, and are widely used in bilevel optimization and
BRL (Chen et al., 2024; Gaur et al., 2025). Under As-
sumption 1, the Lipschitz continuity and smoothness of .J
can be established using Lemmas 5 and 6 in Zeng et al.
(2022), together with straightforward derivations. These
conditions do not introduce any additional restrictions be-
yond Assumption 1. However, the Lipschitz continuity of
the Hessian of J does not follow from Assumption 1, and is
required to ensure that stationary points are well-defined.
Remark 4. The last condition is essential for establishing
the correspondence between stationary points of the original
bilevel problem and those of the penalty reformulation when
A is sufficiently large. It also guarantees that the hyper-
objective £} () is differentiable (Kwon et al., 2024; Chen
et al., 2024), even when the loss functions f, g, or their
combination (e.g., ¢f + g) are possibly nonconvex. This
assumption is broadly adopted in the bilevel optimization
literature (Kwon et al., 2024; Chen et al., 2024; Jiang et al.,
2025) to facilitate convergence analysis, and has also been
used in recent BRL works (Gaur et al., 2025; Zeng et al.,
2025).
Remark 5. It is worth noting that this assumption is not
required when ¢ = 0. In particular, we can show that the
NI function g(z, ¢, 1) automatically satisfies a non-uniform
PL condition with respect to (¢, v); see Lemma 1.

Policy parameterization. We adopt a tabular softmax pa-
rameterization for both players’ policies. This parameteriza-
tion is commonly used in solving RL problems (Mei et al.,
2020; Zeng et al., 2022; 2025).
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We further make the following standard assumption on the
stochastic gradient estimators of the UL objective function.
Assumption 3. Suppose the gradient estimator of the UL
objective is unbiased and has bounded variance afc.

3.1. Properties in BOSMG

Properties of the NI function. We next show that the
NI function g(x, ¢, 1) satisfies a non-uniform PE. property
that arises intrinsically from the regularized MMZSMG
structure.

Lemma 1. For any x and any (¢,), g(x, ¢, 1)) satisfies

the following condition:

1
IV 9605 = o, ¥)g(z,6,9), (A7)

wo,p) = (1 — min, p*(s)

min{min, , 73 (als), ming , 77 (b|s)} > 0.

where ) 7“11%4] re}

Remark 6. Lemma 1 extends the non-uniform PL condition
of the soft value function established in Mei et al. (2020) to
the regularized MMZSMG setting. This property is crucial
for analyzing the convergence of our proposed PANDA
algorithm.

In addition to the non-uniform PL property above, we can
show that the NI function g(x, ¢, ) also satisfies the fol-
lowing Lipschitz-type regularity properties.

Lemma 2. Under Assumptions 1 and 2, the NI function

g(x, ¢, ) defined in (6) is pg-PL in (¢,) for some con-
stant pg > 0, Cy-Lipschitz continuous, Ly 1-smooth and
L 2-Hessian Lipschitz continuous in (x,¢,1) for some
constants Cg > 0, Ly1 > 0and Ly > 0.

Properties of the hypergradient. Under the above assump-
tions and results, the gradient of £} (z) is given by Chen
et al. (2024) as

VL ()
= Vaf(z,0}(2), YX(2)) + AVay(z, 93 (2), ¢
=me($,¢u(-’r) U3 (@) + AV (2, 3 (), 9" (2))
= AV, (2, 6% (), 93 (x)), (18)

> %
—~
8
~—
~—

where ¢*(z) = arg ming J(z, ¢, ¥} (z)) and U*(z) =
arg maxy J(x, ¢} (z), ).

Remark 7. By Lemma 4.3 of Chen et al. (2024), the hyper-
gradient V F'(x) exists and is defined as lim_, y oo VL3 ().
Moreover, the gradient mismatch between VF(x) and
VL3(x) is bounded as ||VF(x) — VLi(z)]| = OA7Y).
Consequently, to obtain an O(¢)-stationary point of the orig-
inal hyper-objective F'(x), where stationarity is measured by
the squared gradient norm ||V F(z)||?, it suffices to compute
an O(e)-stationary point of the surrogate objective £} (x),
measured by | VL3 (z)]|?, with a sufficiently large penalty
parameter A = O(e~1/2).

3.2. Convergence Results of PANDA

For clarity, we first summarize the additional constants used
in the following theorem. L is the smoothness constant of
the hyper-objective F, Ly, 1 is the smoothness constant of
the penalized objective i for A > A¢. Their existence under

Assumptions 1 and 2 is established in Appendix C.3. We
s max{Ly1,Lg1,Ln1} >0
mln{.“’hm“g} :

also define k =

We now present the following convergence guarantees for
Algorithm 1.

Theorem 1. Suppose Assumptions I to 3 hold. Let X > )\,
and let the step sizes satisfy

1 1
e < ——, Mg X K2, < min ,1
e < oo S e {LJ1 g+ 17 }

Then, for Algorithm 1 with K = O(log ), we have

T-1 e Ap (2)
> E[Ivreol] <o(%F)+o(F

2
+O(A7?) + O(Ny 2HHQ)JFO(A ) (19)
J

S| =

where Ap 2 E[F(z¢) — F(xr)).

Corollary 1. Under the same conditions as Theorem I,

choose T = O(e™), A = O(¢Y/?), K = O(loge™ 1),
H = 0O(oge™ ), By = 0O(e72),and B = O(e'). Then
the iterates generated by Algorithm 1 satisfy
T-1
1
T Z% E [|VF(z)]*] < O(e). (20)
t=

Remark 8. Theorem 1 implies that, to obtain an e-stationary
point measured by 7! ZtT;()l E| (z0)]|?] < O(e), the
required number of outer iterations is 7 = O(e~1). More-
over, since each outer iteration performs K inner updates
and uses B and B samples, the total sample complexity of
PANDA scales as T - K - (B4 By) = O(e~3), where O(+)
hides logarithmic factors.

Remark 9. The resulting sample complexity bound matches
the best-known guarantees in the BRL literature (Gaur et al.,
2025; Zeng et al., 2025); however, these works consider
LL problems with a single optimization direction (either
minimization or maximization), rather than a coupled min—
max game.

4. Numerical Experiments

In this section, we present numerical experiments comparing
the proposed PANDA algorithm for solving BOSMG prob-
lems with closely related baselines, including META (Yang
et al., 2022), DA (Wang et al., 2023), and PBRL (Shen et al.,
2025).

4.1. Synthetic Problem
We first consider a synthetic problem motivated by incen-
tive design (Yang et al., 2020), where the UL objective
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Figure 1. Synthetic problem results, averaged over three random seeds. Left: UL incentive reward vs. environment sample steps. Right:

LL NE gap vs. environment sample steps.
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environment sample steps. Right: LL NE gap vs. environment sample steps.
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Figure 3. Sentinel-Intruder results averaged over three random seeds. UL loss vs. number of sampled trajectories. Left: 5 x 5 grid. Right:

20 x 20 grid.

encourages two players to cooperate by maximizing the
incentive designer’s cumulative reward in a fixed MDP
Miq = {S, A, B, ria, Pia, v}, while the LL problem is a
regularized MMZSMG M (z). The overall problem can be
written as

T-1
t
max Er, -, E v ria(t, at, by) | Mia
26,0 vt

st. (¢,0) € arg II;)I/H max VL‘b(/;)W (p).

In the experiments, we set |S| = 5 and |A| = |B| = 3,
and use tabular softmax policies for both players. The de-
signer reward 7iq is uniformly sampled from [0, 1]. The base

reward 7pasc is uniformly sampled from [0, 1], and the incen-
tive reward is sigmoid(xz(s, a, b)), where = € RISIXIAIxIB|
is the incentive parameter to be optimized. The transition dy-
namics Piq and P are randomly generated. Detailed settings
are provided in Appendix D.

We compare PANDA with META, DA and PBRL in terms
of the UL incentive reward and the LL NE gap, measured
by the NI function. In addition, we construct a strong oracle
baseline that uses dynamic programming to compute the
exact value function and leverages second-order information
of the objective functions to obtain exact hypergradients. We
regard this oracle as an approximate upper bound on the
achievable algorithmic performance. For fairness, we plot
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performance against the number of environment sample
steps in Figure 1. With the same number of steps, higher
incentive reward indicates better UL maximization, while a
smaller NE gap indicates that the learned LL policy pair is
closer to the NE. The NE gaps of all methods approach zero,
suggesting that each can effectively solve the LL MMZSMG.
Among them, PANDA attains the highest incentive reward,
showing that it more effectively steers the LL equilibrium
toward higher designer reward. Moreover, the performance
gap between PANDA and the oracle baseline remains small,
suggesting that PANDA achieves a solution quality close to
that of the oracle.

To examine the effect of the penalty parameter A on PANDA,
we also conduct an ablation study by varying A\ while keep-
ing all other experimental settings unchanged. As shown
in Figure 2, when A = 1, PANDA achieves a relatively
high UL objective value, but the NE gap remains large, in-
dicating that the LL solution is far from equilibrium. In
contrast, when A = 4 or A = 10, the NE gap is close to zero,
suggesting that the LL equilibrium constraint is approxi-
mately satisfied. Nevertheless, the stronger penalization
with A = 10 slightly compromises the UL objective. These
results indicate that A controls a trade-off between enforcing
LL equilibrium accuracy and optimizing the UL objective
in practice.

4.2. Sentinel-Intruder

@
S A A
A A
ﬁ Sentinel
N A & Tntruder
/!X Restricted Area
‘ Target

Figure 4. Sentinel-Intruder setup. The sentinel aims to capture
the intruder before it reaches the target at the bottom-right corner,
while avoiding the restricted areas (yellow cells on the right side of
the map). The sentinel spawns at the top-right cell, and the intruder
spawns uniformly at random within its spawn region (red cells in
the top-left corner).

Figure 4 illustrates the Sentinel-Intruder environment, a
5 x b grid world with two agents: a sentinel and an intruder.
The intruder aims to reach the target at the bottom-right
corner without being captured, while the sentinel attempts
to capture the intruder first. At each step, both agents choose
one of five actions (up, down, left, right, stay). An episode
terminates when the sentinel captures the intruder, the in-
truder reaches the target, or the maximum number of steps is
reached. If the sentinel captures first, the sentinel (intruder)
receives +10 (—10); if the intruder reaches the target, the
intruder (sentinel) receives +10 (—10).

The map also contains six restricted cells on the right side.
Our goal is to discourage the sentinel from entering these
cells while still competing against the intruder, which mod-
els real-world scenarios where the sentinel must avoid dan-
gerous or privacy-sensitive regions. We formulate this as
a BOSMG problem: the UL minimizes the total number
of sentinel visits to restricted cells, while the LL computes
an NE under a reward parameterized by the UL variable z.
Specifically, the LL solves ming max, V/:l"’(f)“ (p), where
w4 and 7, denote the intruder and sentinel policies, respec-
tively, and the LL reward iS Teny (8, a, b) + 0.05 - 7,.(s, a, b).
Here, 7.py 18 the terminal environment reward and r,, is an
additional learnable reward model with parameter x. The
UL objective is ming Er~r+ 7+ [C(7)], where C(7) counts
the number of restricted cells visited by the sentinel along
trajectory T = {84, a, b}, and (7, my,) is the LL NE.

As shown in Figure 3 (Left), in this more complex and
realistic setting, PANDA achieves the lowest UL loss under
the same number of sampled trajectories in the environment,
indicating that PANDA effectively solves the LL adversarial
game and improves the UL objective.

To validate the effectiveness of PANDA in larger-scale envi-
ronments, we further conduct experiments on a 20 x 20 grid
map. The results in Figure 3 (Right) show that PANDA con-
tinues to perform effectively in this setting and outperforms
existing baselines. Full details are deferred to Appendix D.

5. Concluding Remarks

In this work, we proposed PANDA, a penalty-based policy-
gradient algorithm for BOSMG. To the best of our knowl-
edge, PANDA is the first stochastic first-order method with
convergence guarantees for finding an e-stationary point of
the original BOSMG formulation, achieving O(e~!) itera-
tion complexity and O(e~3) sample complexity. Notably,
these rates match the state-of-the-art rates previously known
only for BRL with single-policy LL optimization, despite
the additional challenges posed by MMZSMGs. Extensive
experiments further demonstrate that PANDA consistently
outperforms competitive baselines.

Our current work focuses on the setting where the LL prob-
lem is a regularized MMZSMG. Extending the proposed
framework to general min—max games and broader multi-
agent settings is a promising direction for future work.
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A. Preliminaries

A.1. Notation

Unless otherwise specified, we use the following notations throughout the appendix.

Notation Definition
S finite state space
A, B finite action spaces for the min-player and max-player
r=(s,a,b) reward function parameterized by x
P(s'|s,a,b) transition probability from state s to s’ under actions a, b
vy discount factor
h(-) regularization function
T policy of the min-player parameterized by ¢
Ty policy of the max-player parameterized by
Té, T regularization coefficients for w4 and 7y,
V;f’(;;w (p) value function of policies (74, 7y) in the MMZSMG M (z) under initial distribution p
M(zx) regularized MMZSMG {S, A, B, r, P, vy, h} parameterized by =
(), my () optimal policies of the min-player and max-player in M (z)
(), " (x) parameters of the optimal policies 7} (z), 7}, ()
m(x, ¥), 7y (z, ) best-response policies given x and the opponent’s policy
o (z, ), " (z, @) parameters of the best-response policies
0 concatenation of ¢ and v
0" (x) concatenation of ¢* (x) and ¢* ()
0" (x,0) concatenation of ¢* (z, 1) and Y™ (x, ¢), where 6 = (¢, )
J(z, ¢,v) abbreviated notation of VM"’( 7;“’ (p)
f(z, ¢,7) UL objective function
g(z, ¢, ) NI function at LL
gz, ¢, 0, ¢, 1) NI function estimator J(x, ¢, ) — J(z, ¢, )
1(z, 9) best-response value function of the min-player Ji(z, ¢) = maxy J(z, ¢, 1)
Ja2(z, 1) best-response value function of the max-player J2(z, %) £ ming J(z, @, 1)
La(2,6,0) f(2,6,0) + Agle, b, v0)
EA($7¢71/17¢»¢) f(.’L' ¢ 1/))+/\§(m:¢71/)7¢77/’)
" h(e,é ) Lf(z, 6, ) + 9(x, 6,0)
h(z, $,1, ¢, ) $F(@,6,0) + 3z, 6,9, ,9)
F(x) UL hyper-objective function F(z) £ f(x, ¢* (z),¥*(x))
B,Bjy batch sizes for estimating f(-) and J(-)
H length of truncated trajectories for estimating .J(-)
J(sBs,H),§(; By, H) estimators of J(-) and §(-) with B; samples and H-step truncated trajectories
f(;B) estimator of f(-) with B samples
h(; B BJ, H),Lx(-;B,Bs, H) estimators of h(-) and £(-) with B, B samples and H-step truncated trajectories
ox(z), 5 (x) the optimal solution of the penalized problem ming, y L (x, ¢, 9)
03 (x) concatenation of ¢} (z) and ¥} ()
dist (X ,Y) the distance between two sets X and Y, defined in Definition 1
0y 0n lower bounds of the initial state distribution and policy
B bound of the reward function: |r; (s, a,b)| < B,
Cr,Cy,Cy,C5 Lipschitz continuity constants of f, J, g, g

Cr (Lemma C.10)
Lyi,Lg1,Lg1,Lna
Lji,Lj1,Ly,0
L (Lemma C.14)
Lj2,Lg2,Lgo
175 Hgs Bh
oy,o0; (Lemma C.16)

Lipschitz continuity constant of the best-response parameter set ¢*(z, 1) and " (x, ¢)
Lipschitz smoothness constants of f, g, g, h

Lipschitz smoothness constants of J, J1, J2

Lipschitz smoothness constant of F'

second-order Lipschitz smoothness constants of J, g, f

PL-constants of J, g, h in 0

variance bounds of the stochastic gradient of f and J

if not specified otherwise, we use the Euclidean norm (or the Frobenius norm for matrices)
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A.2. Mathematical Preliminaries

Definition 1 (Distance). The distance between two sets X and Y is defined as dist(X,Y) = inf e x yev || —y||. Moreover,
we also define the distance between a point « and a set Y as dist(z,Y") = infycy ||z — ¥

Definition 2 (Lipschitz continuity). We say that a function f(z,y) is C;-Lipschitz continuous if, for any x, ', y, y’, we
have [|f(z,y) = f(2",y)[| < Cy ([l = 2"l + ly = y'[D)-

Similarly, we say that f is L 1-smooth if for any , 2/, y, v/, we have |V f(z,y) =V f(2',y")|| < L1 (lz—2'|+ly—v']).

We say that f is L »-Lipschitz continuous Hessian if for any z, ', y, v/, we have | V2 f(z,y) — V2 f(2/,y/)|| < Lya(||lz —
I+ lly =yl

Definition 3 (PL condition). We say that a function f(z, y) satisfies u-Polyak—t.ojasiewicz (PL) condition with respect to y
if for any fixed z and any y, we have ||V, f(z,y)||*> > 2u(f(x,y) — min, f(z,y')).

Lemma A.1 (Theorem 2 of Karimi et al. (2016)). If f(x,y) is L 1-Lipschitz smooth and p-PL in y, then it satisfies the
error bound (EB) condition with p, i.e.,

IVy f(z,y)ll > pdist(y, y"(z)). (22)
Moreover, it also satisfies the quadratic growth (QG) condition with y, i.e.,
fl,y) = min f(a,y/) > § dist (.47 (@), 23)

Lemma A.2 (Generalized Danskin’s Theorem (Shen et al., 2025; Clarke, 1975)). Let F be a compact set and let a
continuous function { : R? x F — R satisfy: 1) V{(x,y) is continuous in (x,y); and 2) for any x and for any
v,y € argmaxyer (z,y), Vil(z,y) = Vil(x,y'). Define h(z) = maxye r £(z,y). Then we have Vh(x) = V  L(z,y*)
for any y* € argmaxycr {(z,y).

B. Proofs in Section 2
B.1. Proofs of Proposition 1

Consider the regularizers (h)ses, where hs(ys, 25) © A4 X A5 — R. Here, for notational simplicity in the proof, we
use y, and z, to denote the mixed strategies of the min-player and max-player at state s, respectively, and we use |.A| and
|B| to denote the dimensions of the action spaces. For each state s, hs(ys, 25) is defined as a continuous function that is
strongly convex in y, and strongly concave in 2.

We first define H, : A4 X Ajp) — R as follows:

Hs(ysv Zs) = yzQszs + hs(ysa Zs)v
where @, € RI4IXIBl is a given matrix. Later, we will see that Q, is related to the Q-function of the Markov game.

It is easy to verify that H,(ys, 2s) is also strongly convex in y, and strongly concave in z;. Consider two optimization
problems with H(ys, z5) as the objective function:

min  max H;(ys, 2s),
Ys€A|4| 25 €A 5

and

max min Hg(ys, 2s).
ZSGA‘B‘ ySGA‘A‘

By the strong convexity-concavity of H(ys, zs), we know that there exists a unique (y3, z3) € A4 x A such that

H,(y* 2zY)= min max H zg) = max min H z
s(ys, 5) VEA | 2 EA g s(ys, s) 25| €A, s(ys, s)a

which is the unique saddle point of H,(ys, zs) (Rockafellar, 1997; Ekeland & Témam, 1999).

We next consider the envelope function h} : RMIXIBl — R, defined by 23 (Qs) £ miny, ca , max.,ea z{y! Qszs +
hs(ys, zs)}. The following results establish several basic properties of h¥.
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Lemma B.1. For each state s € S, the envelope function h’; has the following properties:

i. (Uniqueness of the solution) For any Q, € RIAIXIBI there exists a unique (y*, 2¥) € A4 % Ag| such that h(Qs) =
()" Qs2y + hslys, 25) = ming ea maXzseﬁwm{ysTQszs + hs(ys, z5)} = maxz, eA g minySEAM\{ysTQszs +
hs(Yss 2s) }-

ii. (Monotonicity) For any Q, Q’, € RIAXIBl such that Q, < Q', (element-wise), we have h*(Qs) < h:(Q").

Proof. The first property follows from the strong convexity-concavity of yZ Q,zs + hs(ys, 2s) for any Q.

Now we prove the monotonicity. For any Q,, Q" € RIMI*IBl such that Q, < @', since y; € Ay and z, € Ajp) are
probability distributions, we have for any y, and z,,

T T
Ys Qszs < Ys lezs

Fix ys, for any 2z, € A, we have

yZQsZs < yZQ;Zsa Vzs € A|l§’\
- ngszs + hs(y87 Zs) < ysTQ;Zs + hs(ysa 25)7 st S A\Bl
= max {yZQGZG + he(ys, 26)} < Helix {yngZG + hs(ys, 25) ), (24
Zs |1B]

2s €A
which implies

hi(Qs) = yfeng‘lm anelg)fw{y?Qszs + hs(Ys, 2s) }

< i T /» h Sy ~S :h‘* /‘ ° 25
el o, O Qe o)) = 3(Q0 .

The monotonicity of A} is proved. O

Now we consider the regularized MMZSMG M (x) defined in Section 2. Inspired by the proof strategy in Geist et al. (2019),
we analyze the properties of MMZSMGs by defining the corresponding Bellman operators. We then establish the contraction
property of these Bellman operators to prove the existence and uniqueness of the equilibrium in regularized MMZSMGs.

Since we only focus on the proof of the uniqueness of the equilibrium at LL, for simplicity, we may omit the UL variable x
in the notations, i.e., x is fixed in the following proof if not specified otherwise.

Definition 4 (Min-max Bellman Operator). For any V' € RISI, define Q@ € RISXIMIXIBl a5 Q.0 = 7,(s,a,b) +

YEg P (|s,a,0)V ("), where V(") is the entry of V' corresponding to state s’. Let y € Ali“ and z € A}‘;{ be the policies of
the two players respectively.

The min—max Bellman operator for a given policy pair (y, z) is defined as T}, . : V € RISl — T, .V € RISI, where for
eachstate s € S, (T,.V)(s) = yT Qs2s.

The soft min-max Bellman operator for a given policy pair (y, z) is defined as T}, ., : V € RISl — T,.nV € RISI, where
for each state s € S, (T4 V) (8) £ (Ty.2V) (8) + hs(ys, 25)-

Also define the min-max Bellman optimality operator T, : V € RISl s T,V € RISI state-wise as follows: for
each state s € S, (T.V)(s) £ miny A, Maxz, e (1y,,2, V) (s). For simplicity, we can write T} as T.V =

mi |s| max Ty,.V, where the min—max is taken over all state-wise policies.

n
yGAMl

|S]
ZGA‘B‘

The soft min-max Bellman optimality operator T}, 5, : V € RISl o T, ,V € RIS| is similarly defined as follows: for
each state s € S, (T% 4 V) (s) £ miny, e, max,, ca 4 (Ty. 2.,nV) (s). For simplicity, we can write T, j, as T\ ,V =

min Is T, . »V, where the min—max is taken over all state-wise policies.
yeA Y,z

| max
4|

|S]
zEA‘B‘

For each state s € S, consider the min-max problem min,_ca ,, max; ea gz {wTQszs + hs(ys, 25) }, by Lemma B.1, we
know that there exists a unique optimal policy pair (y*, z¥) for this problem. Therefore, for any V' € RISI, there exists a
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unique policy pair (y*, z*) such that T, , V' = T)- .~ ,V, which means that the soft min—max Bellman optimality operator
T 1, can be viewed as a special case of the soft min—-max Bellman operator T}, . , with the policy pair (y*, z*).

Then we will show some properties of the min—-max Bellman operators.

Lemma B.2 (Properties of min—-max Bellman Operators). The min—max Bellman operators T, ., for any given policy pair
(y, z) and the optimality operator T, have the following properties:

i. (Monotonicity) For any V,V' € RIS such that V- < V', we have T, .V < T, .V’ and T.V < T.V'. Here, the
inequality is element-wise.

ii. (Contraction) For any V,V' € RIS, we have | T, .V — T, .V'|oo < AV = V'||loo and |T.V — T.V'||oe <
MV = V'leo-

iii. (Distributivity) For any constant ¢ € R, we have T,, ,(V +¢c1) =T, .,V +~vycl and T.(V 4 c1) = T.V + ~ycl, where
1 € RISl is a vector with all elements equal to 1.

Proof. We can write Ty, .V as
TyV =1y +7Py:V,

where . € RISl isdefinedasry .(s) = Y, c 4 Y pep ¥s(@)25(b)r(s, a,b) and Py, . € RISIXIS|is defined as P, . (s, s') =
> wen Soven Ys(a)zs(B)P(s']s, a,b). Now for any V, V' € RIS| such that V < V’, we have

T,.V—T,.V =P, .(V-V') <0, (26)
which proves the monotonicity of T}, .. Similarly, by the definition of T} in Definition 4 we have

VIV = P,V <PV,

= Q:<Q,, VseS8

— yI' Q.2 <yTQl2z,, Yy, € Ajgp,zs € Ap, Vs €S

— rriaxysTQszs < rriaxysTQ’st, Vys € Ajg,Vs €S

= n;inrr;axy?@szs < rr;inn}zaxyZQ’szs, VseS

— V<V, @)

where the first implication follows from the fact that P, . is a stochastic matrix, the third implication follows from the fact
that y, and z are probability distributions.

Next we prove the contraction property. For any V, V' € RIS|, we have

I1Ty,=V = Ty -V loo = 7Py (V = V')l
<AV = Ve (28)

Since this holds for any given policy pair (y, z), we know that

max || Ty, .V — T, .V'|loc <AV = V| . (29)
Y,z

Then we have for any V, V' € RIS,
TV — T.V'||oo = || minmax T}, .V — minmax T, . V'| «
Yy z Yy z
< max (T, V) (s) — (T -V)()
=max [T,V = T, : V|l
Y,z

ANV = Ve (30)
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Now we prove the distributivity property. The distributivity of T}, . is straightforward:

Ty-V+ecl)=ry . +vP, . (V +cl)
=7y +7PyV +7cPy .1
=T,.V +~cl. (3D

Similarly, we have

T.(V+¢cl) =minmax T, ,(V + cl)
y z
= minmax{7T, .V + ~ycl}
Yy z
= minmax Ty .,V + vycl
Yy z

=T,V + ~el. (32)

Now we will also show some properties of the soft min—-max Bellman operators.

Lemma B.3 (Properties of Soft Min—-Max Bellman Operators). The soft min—-max Bellman operators T, ., ;, for any given
(y, z) and the soft optimality operator T, j, have the following properties:

i. (Monotonicity) For any V,V' € RIS such that V- < V' (element-wise), we have Ty -0V < Ty, 1V and T, ,V <
T. n V'

ii. (Contraction) For any V,V' € RIS|, we have | T, .,V — Ty .., V'||oe < YNV = V'||oo and | Tu n,V — T V|00 <
YNV = V|| oo, where || - || oo takes the maximum absolute value among all elements.

iii. (Distributivity) For any constant ¢ € R, we have T, , ,,(V +¢c1) =T, . 1,V +ycl and T, j,(V + c1) = T, ,V + ~ycl,
where 1 € RIS| is a vector with all elements equal to 1.

Proof. Forany V, V' € RIS! such that V < V’, by the monotonicity of Ty, in Lemma B.2, we obtain

TyeV = TyenV' =Ty .V + h(y, z) — (T,,:V' + h(y, 2))
=T,.V-T,.V' <0, (33)
where h(y, z) = (hs(y,2))es € RISl is the vector of regularization terms for all states. This proves the monotonicity of
Ty 2 h-

Similarly, since T 5,V = mmyeA}i" maxzeA@

Ty,.,nV, we can obtain

VSV = Q:<Q,, VseS
— y?Qszs + hs(y57zs) < y?Q/ng + hs(ysazs)a vys S A|A\azs S A\Bhvs €S
— max{y! Qszs + hs(ys, zs)} < max{yl Q.zs + hs(ys,25)}, Vys € Ajg, Vs €S

= myin rriax{yZQszs + hs(ys, 25)} < rr;in IIL&X{yZQ;ZS + hs(ys,25)}, VseS

— T,V <T.,V". (34)
This proves the monotonicity of 7} ;. Next we prove the contraction property. For any V, V' € RISI, we have
1Ty 20V =Ty zn Voo = 1Ty,:V = Ty eV [loo <AV = Vo (35)
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Similarly, we can get

TV = T V'||oo = |l myin max Ty -0V — myin max Ty2nV' |

IN

ryn?)s( [(Ty,20 V() = (Ty,2.nV')(s)]
= max 1Ty,20V = Ty 2V [0
<NV =Vl (36)
Thus, T}, . 5, and T j, are both y-contractions.
Now we prove the distributivity property. The distributivity of T, . j, is straightforward:
Ty n(V4+cl)=T,.(V+cl)+ h(y,z)

=T,.V+~cl+ h(y,z)
=Ty .nV +cl. (37

Similarly, we can obtain the distributivity of T} ;, as follows:

Tin(V +cl) =minmax Ty, p(V + 1)
Yy z

= minmax{Ty . ,V + ycl}
Yy z

= minmax Ty , ,V +~cl
Yy z

=T, 1,V +cl. (38)

O

By the contraction property in Lemma B.3, we know that the Bellman operators defined in Definition 4 all have unique fixed
points.

Definition 5 (On-Policy and Optimal Value Functions). We have the following definitions:

1. For any policy pair (y, z) € A}i‘l X AI;I, V,»* € RIS s defined as the unique fixed point of the soft min-max Bellman

operator Ty, . p, ie., V)" =T, ., V/*.

2. Vi e RIS! is defined as the unique fixed point of the soft min—-max Bellman optimality operator Tip,ie., V' =
T h V.

Then we can prove the following lemma.

Lemma B.4 (Unique Equilibrium). There exists a unique (yj, z;;) € Aij“ X AEI such that V;, - Vi, and for any

S| S|
y € AlA\ and z € A|B\’

Yho? * Ys2h
Vit SV SV,
where the inequalities are element-wise.

Proof. From Definition 5, we know that V}" is the unique fixed point of T} 5, i.e.,

Vi =T Vit

By Definition 4 of T} ;, and Lemma B.1, for the fixed value vector V}*, there exists a unique policy pair (v}, z;;) such that

T, WV =1, nVi

hoZh
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Therefore,

V};k = *th - yh,z,L }L‘/};k' (39)

Hence V; is a fixed point of Ty« .- ,. Since T)- .- 5 is a contraction, its fixed point is unique, and is defined as |
Thus, we obtain

ViR = v, (40)

Next, we prove the saddle inequalities. For any z € A} B‘I’ since (yj, z;) is the unique saddle point of the statewise

regularized problem min, max, Ty . »V,", we have, for every state s € S,
(Tyz-,z’hvlj) (8) S ( yhvzh th) ( )
Thus, element-wise,

* *
yh%hvh < Ty,’;,zh,hvh =V,.

Since T)yx - » is monotone by Lemma B.3, applying it repeatedly gives

T2 Vie < Ty eaVi Vi (1)
By induction, for any £ > 1,
T®  VE <V

Yy ,2,h

Taking k& — oo and using the contraction property of Ty . », we obtain

Vyh’ = hm 7

Vi <V (42)

This proves the left inequality.
Similarly, for any y € Al AP since (yh, zh) is the statewise saddle point, we have
(Ty;,zz,hv,f) (S) < (Ty’zz’hv;j) (S), Vs e S.
Hence,
‘/h yh z th = y,zh,h‘/};k-

By monotonicity of T, .+ ,

Vh— yzthh— 752) hV,f§~--< ;),* Vh
Taking k£ — oo and using the contraction property of T, 2 ,h gives
Vi < lim 7,7 vir = v (43)
Therefore,
VIR < Vi = VYR < VR (44)

Finally, uniqueness follows from the uniqueness of V;*. Given this fixed point V;*, the state-wise regularized min-max
problem admits a unique saddle point at each state due to the strong convexity—concavity of the regularized objective.
Therefore, the policy pair (y;;, ;) is unique. O
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Based on these results, we can prove Proposition 1 about the existence and uniqueness of the equilibrium in the regularized
two-player zero-sum Markov game.

Proposition B.1 (Proposition 1 in Section 2.3). For any given x, there exists a unique (7 (z), ;,(x)) such that for any ¢
and ),

w5 (x),m i (z),m) (x) T, Ty, ()
V/\j@) w(p) < VM¢(x) ¢ (p) < VM¢(x)w (p)-

Moreover, we have
ﬂ;(l‘)’ﬂ';)(z) _ . T, T _ . Ty T
V() (p) = m(;n max V(o) (p) = max min Vid(z) (p)-

Proof. By the definition of the joint state-value function VL?’;T)“’ (s) in (2), we have

V/Cf(ﬁ(s) =Brymy P lZ’Yt (re(se, ae, be) + hs, (g (+[51), 7wy (+]51))) ‘50 = S]
t=0

=my(ls)" (r(x, s )+ ) P ls, ~)VL¢(§T)“’(8’)> Ty ([s) + hs(mo ([ ), my (-]5))-

By the definition of T}, . j, in Definition 4, for any policy pair (7, 7y ), We have

Vit (8) = (Trpmy i Viaiiny )(S), (45)
which implies that VE’(’;T)“’ is the unique fixed point of T%, r, . i.c., the on-policy soft value function VL"’(’;;” is the fixed
point V;"*"" defined in Definition 5.

Then, by Lemma B.4, there exists a unique policy pair (7 (z), 7y, (z)) such that for any state s,

VIA;((;))JW (8) _ Vhﬂ;(ﬂr)mw (S) < V; (5) < V}:%,‘rrf;(x)(s) _ V';r/:;(gr)z(z)(s)’ 46)

Since this holds for every state s, for the given initial state distribution p with min p(s) > 0, we have

75 (x), Ty 7 (x), 7 () T, 1 (T)
VMd)(m) ! (p) < VM¢($) e < VMé(w)w (). 47)

Therefore, (7 (x), 7;,(z)) is the unique saddle point of min, max,, VL¢(-§)¢ (p). Hence,

mg(@),my () . T, Top . T, T
V/\f(f) **(p) = min max V/Vf(z)d (p) = maxmin VM¢(I)1” (p). (48)

T Ty Ty T

Since ¢ and v are the parameters of the policies 74 and 7, respectively, and the parameterization is expressive enough to
represent all mixed policies in the policy class, this further implies that
T (E)JT* (CE) . T, T _ . T, T
VM"b(gE) v (p) = min max VM‘b(w)” (p) = max min VM"b(m)w (p). (49)

O

B.2. Proofs of Other Technical Lemmas

For the Markov game M (z) = {S, A, B, r;, P,~, h} defined in Section 2, we define the state-visitation distribution under
policies 74 and 7y, as

oo

dp®™ (s) £ (L =7) D" Plsi = slso ~ p,mg, my, M(2)).
t=0
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Lemma B.5 (Gradient of J(z, ¢, 1) with respect to ). For any x, ¢ and 1, the gradient of J(x, ¢, 1) with respect to x is
given by

1
Vel (z,0,v) = EESNd;‘b’mp,a~7r¢('\s),b~7r¢(<|s) [Vorz(s,a,b)] lZ'y v, Tl(st,at,bt)] ;

t=0

where the expectation is taken over the trajectory {s;, ai, b }1>0 generated by so ~ p, ay ~ 7g(-|s¢), by ~ 7wy (+|s¢) and
St—',—l ~ P(~|st,at, bt)

Proof. Since J(x, ¢, 1)) is defined as the value function VL“’(’;T)"” (p) for the given initial distribution p, we have

o0

J(x, ¢,¢) = ) Clos) Z’Yt T (8¢, ar, by) — 7y logmy (be|se) + 7 log 7 (ax|st))
Bl iad ,at~7T¢ St t—0

st+1~P b (-|s¢,at)

f,y DT (s) Y mwolals)my (bls) (ra(s, a,b) — 7y log my (bls) + 74 log mg(als))
s a,b

Taking gradient with respect to = on both sides, we have

VoI (@0.0) = 7= DA ) Y molals)mo (1) V(5,01

a,b

o0
E D A'Vara(si,anb)|, (50)
sovpac~m(lse) |55

by~ (+]st) N
sty1~P(:|s¢,a¢,bt)

which completes the proof. O

Lemma B.6 (Policy Gradient of J(z, ¢, 1)). For any x, ¢ and 1, the policy gradients of J(x, ¢, 1) with respect to ¢ and ¢
are given by

Ve (z,9,9)
= OOtVI ke by) — 1yl (belse) + Tg 1 (at|st)
SONpatNTrd)(ISt) Z’Y ( ¢ 0g7r¢(at|3t)( M(z (St;at7 t) — Ty log my (be|se) + 7 log e (ar s )
bivmy(ls) S0
St+1~P(-|s¢,as,by)
Vyd(z,6,v)

[Z 7 (T log o (bulse) (QNeny (st a1, be) = Tulog my (bulst) + 7 logm)(anst)))] :

so~vp,ac~mg(-lse) | =7

bervmy (+]st)
st+1~P(-|s¢,a¢,bt)

where QM(I) (8¢, at, by) is the Q-function defined in (10).
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Proof. By definition, we have

J(z,0,7)
= Vo [re(8e, ap, be) + 7o log me (ag]se) Twlogﬂ'w(bﬂst)]]
so~p,ar~mg(-|st) Li—0
bervmy (]st) -
St+1NP('|St7at7bt)
= E D A By (s [ra (56 a8, be)] + 7 log m (aslse) — TyBi, o, (1s,) [l0g s (be|50)]]
sovpar~mg (cfse) | 47
St+1~Pﬂ-w(-‘St,Gt) -
- E o D At 5 (se,ae) + Ty log e (ar|se) + Ty H (my (- st))” (51)
sorvp,ap~Te(-|st R

st41~PTY (]sg,aq)

where P™ (-|s;, a;) £ B,y (-50) [P (|52, ae, be)] and 737 (s, ar) = Ep, o, (|s0) [Tz (5¢, az, by)]. Here H(my(-[s¢)) does
not depend on 7.

Since 7y plays the role of the minimizing player, we define a corresponding reward model for 7 as
o) (5,0) = =1z (s,0) = T H(my(|5)) = ~Epry (1) [ra(s, a,b) — 7y log my (bls)].

For any fixed 7y, the optimization over 74 can then be reformulated as a single-policy entropy-regularized MDP M™ (z) =
{8, A, P™ (44,7} Under the transformed reward 7, ), the original minimization over 7y is equivalent to maximizing
the following entropy-regularized value function:

Vit ) = |3 Fresaton ) = ot

s0~p; afN%( se)
st41~PTV (¢|s¢,a)

which equals —J(z, ¢, ). Accordingly, the state-value function under policy 7y is given by

V/:jw (w)(s) = Z’Yt Pl (St,at) — 74 log 7T¢(at|5t)] ] = *V/Zr/f(f)w(S)-

so= satwﬂ'¢ BED) |:t—0
stp1~P T (sgay)

Define the corresponding Q-function for M™ () as

@x"w (z) (Sa a) £ f(x,’l/l) (Sa CL) + VES/NPW#’ (+|s,a) |:‘7_/:r/[d)”w (z) (S/):| . (52)

It follows that

T¢ /
bNWIEHs) |:V ke (m)( )]
s'~P(-|s,a,b)

= Epormy (-ls) {rx(s, a,b) + 7y log my (b]s) + ’YS'NP%EIS,G,,Z)) {VL¢($}(5/)H

= —Epory (s [Qﬁ’;‘;(s,a, b) — 7y log ﬁw(b|s)] . (53)

@ﬁw(m)(s, a) = —Epur, (5)[rz(5,a,b) — 7y log my (b]s)] +
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Then by Lemma 10 of Mei et al. (2020), we can get
VoV irs ) (0)

o Clse) oh (Vqﬁ log g (ac|st) (éﬁw (z)(St, a;) — 7y log 7r¢(atst)))]
S0~ P,at~Tg (- [St
st41~P7¥ (o] se,a¢)

= E
so~vp,ar~Te(+|st)
bervmy (]st)
st1~P(|s¢,a¢,bt)

7 I

Il
=]

At (V¢ log mg (at|st) (éﬁ"w (w)(st, ai) — 7y log 7T¢(at|5t)))]
t

S0~P, at"’ﬂ'¢( [st)
bervmy (+]st)
st41~P(+|s¢,a¢,be)

T rylog 7r¢<at|st>))] , (54)

1

th (V¢ log g ( atSt)< E {Qj\ﬁ’(g’(slt,ahbt) - Ty logﬂw(bt|5t):|
t=0 by~ (be[st)

where the second equality is to expand b, from P™%, and the last equality follows from the definition of éﬁw (@) (st,at).

This implies that

Vol (z,9,9)

M8

At <V¢, log e (at|st) ( Qﬁ(gp (st, a1, b¢) — 7y log my (bt‘st)}

sor~p,ar~me(-|st) by Nﬁw(bt\sf)
b~y (+]st)
sep1~P(-|s¢,a8,bt)

+ 74 log 7r¢(at|st)>)]

= % ng(pﬂw(s) Zw¢(a\s) <V¢ logm)(as)(Zmp(Ms) [Q;ﬁ’(’;;ﬁ(&a, b) — 1y log 7T¢(b|$):|
s a b

N
I
=3

+ 74 log 7T¢(a|s))>

1

=1 4™ () Zmﬁ(a\s)ww(b\s) <V¢ log mg(als) (QT\Z(Z‘)” (s,a,b) — 1y logmy(b|s) + 74 log 7r¢(a|s)))
s a,b

= o [Z At (Vcb log my (at|st) (Q%(g (st, at,by) — Ty log my (be|se) + 7o logw¢(atst)))1 . (55)
¢ bf’wa,( Id;t) Y Le=0
st41~P(:]se,ae,bt)

Similarly, we can prove that

Vyd(z,¢,v)
_ E o [Z’y (Vs Tog my (bulsi) (@ W,(st,at,bt)_Twmgw(mst)+T¢1og7r¢(atst)))]. (56)
SO~ P,at~Tp 1| St =0
by (1s0)

st41~P([se,ae,be)
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C. Proofs in Section 3
C.1. Useful Properties of Single-Policy MDPs

The notation in this subsection differs from that in the rest of the paper, as we focus exclusively on the properties of
single-policy MDPs in this section.

Let M(x) = {S, A, 74, Py,7, h} be a parameterized single-policy MDP with entropy regularization. For any policy 7, the
soft state-value function at state s is defined as

Vi (s) [ZW r2(8t,at) — Tlogm(at|st)) |so = s, m, M(z )]

t=0

where 7 > 0 is the regularization coefficient. Then for a full-support initial state distribution p, we can define the soft value
function of policy 7 as VT (p) = ESNP[VJC((I) (8)]. These are all standard definitions and notations in single-policy RL.

For any given x, let V*(z) be the soft optimal state-value such that V(z) = max, V @) (s). By Nachum et al. (2017)
and Yang et al. (2025), V*(z) is the unique fixed point of the softmax Bellman operator T, : RISl — RISI defined as

(0 = i o (L B P V)

T

which is y-contraction in V' w.r.t. || - ||oo. Define the optimal soft Q-value as
Qia(x) 2 rols,a) +7 ) Puls|s,a) Vi (@),
S/

then the optimal policy 7 is given by

exp(Q5,(2)/7)

) = e Qe ()/7)

Now we make some standard assumptions on the parameterized MDP M (z).

Assumption C.1. Suppose the following conditions hold for M (x):
1. Bounded reward: |r,(s,a)| < Rupax forany (s,a) € S x A and any z € R,
2. Lipschitz reward: sup, , |1z, (s,a) — 14, (s,a)| < Cyl|zy — 2| for any 21, x5 € R%.

3. Lipschitz transition: sup, , [Py, (:|s, @) — Px, (-|s,a)|ls < Cpllz1 — x2|| for any 21,2, € R%.

Then we can establish the following Lipschitz continuity of the optimal soft state-value and soft Q-value w.r.t. z.

Lemma C.1. Under Assumption C.1, the optimal soft state-value V*(x) is Cy -Lipschitz continuous in x for some constant
Cy > 0. The optimal soft Q-value Q*(z) € RISIIAI s Cq-Lipschitz continuous in x for some constant Cg > 0.

Proof. Forany x1, 7o € R% and any (s,a) € S x A, we have
[Puy ([5,0)TV = Pay (15, @) TV < [[Poy (5, 0) = Pay (s, a) 1|V [|oo < Crllzt — z2l[[|[V ]l oo-

Thus, we can obtain

sup

(rll(s, a) + 72P$1(5’|s, a)VS/> - (rm (s,a) + 7273,;2(5’\3, a)Vsz> ‘

< (Cr +7CP Vo) llz1 — 22]|- 57)
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By the 1-Lipschitz continuity of the log-sum-exp function in || - ||, we have for any v, w € RI4I,
|TlogZe”“/T - TlogZew“/T| < ||v — w||loo = sup |vg — wal,
a
a a

and hence

172,V = Tz, Vlloo = sup (T2, V) (5) = (T, V) (5]

<rml(s,a) + VZle(s’s,a)VS) - (7“1:2(5761) ""727sz(5’|57@)‘@’> ‘

ry

< sup

s,a

< (Cr +1CP[IV o)1 — 2. (58)

Since for any z, V*(z) is the unique fixed point of 7, (Nachum et al., 2017), i.e., T,V*(x) = V*(z), then
V5 (@1) =V (@2)lleo = 1 Ta, V7 (1) = Ta, V7 (22) loo
ST, Via1) = To, VEi(a2)lloo + 172,V (22) = To, V7 (22)l] o0
S ANV (1) = Vi (@2)lloo + (Cr +7Cp V7 (22)[lo0) [l21 — 22|,
which implies
Cr +7Cp[IV*(22) ]l
L=y

[V* (1) = V™ (22)[e0 < [l — 22]. (59)

Since for any = € R% and any s € S,

(T20)(s)| = < Ruax + 7log | A],

7log Za: exp (’"””(j_”))

then by ~y-contraction of 7T, with respect to || - |0, We can obtain,
V(@)oo = TV (2)loo
< TV (2) = TeOlloo + 1 720]| 00
<AV (@) ][ + Rmax + 7log | Al,

max+7 1 max+7 1
R%fgw for any x € R% . We use By here to denote Rf%vogw

which implies ||[V*(2)]| oo < for brevity.
Therefore, we have

C. +~vCpBy

V(1) = Vi(22) oo < —— —

21 — z2, (60)

which completes the proof for the Lipschitz continuity of V*(x) by applying || - |l2 < /|S||| - |loo-
Finally, we prove the Lipschitz continuity of Q*(z). For any x;, 75 € R%, we have
Q5 (1) — Qa(2)]
= [rey (5,0) = s (5,0) 7Y (Pay (8], ) Vi (1) = Puy (5']s, @) Vi (2)) |

< Jray(5,0) = oy (s, @)+ ) [Py (]s, ) Vil (1) = Py ('], @) Vi (a2)]
< Crllar = wall + 7Y [Py (8']5, @) (Vi (1) = Vi (@2))| + 7 D [(Pay (8']s,0) = Puy (873, 0)) Vi (2))|
< Crlley = aa|| + (V7 (21) = V¥ (22)lloo + YlIPay (s, @) = Pay (s, @) [V (22) | oo

< Cyllzr — z2|| + 1

|21 — 22| + 7Cp By [|x1 — 22|, (61)
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which completes the proof by applying [|Q*(z1) — Q*(z2)| < V/|S||A| max, o |Q%,(z1) — Q% (z2)].
O

Lemma C.2. Under Assumption C.1, let m*(x) = arg max, V./Cl(ac) (p) be the optimal soft policy for the MDP M (x). Then
there exists a constant Cr~ > 0 such that 7*(x) is Cr«-Lipschitz continuous in x.

Proof. By Nachum et al. (2017), the optimal soft policy for any s € S and a € A can be represented as

™

L (@)
@) = S (@ (@)7) 2

where Q* () is the optimal soft Q-value defined in Lemma C.1.

Therefore, for any x1, 22 € R we have

1 C
Im* (21) = 7" (z2) || < 1@ (21) — Q" (z2)l| < 22 ||y — wall, (63)
T 27

which completes the proof. O

Lemma C.3. Under Assumption C.1, suppose the reward model r, and the transition model P, also satisfy the following
conditions:

1. r.(s,a) is differentiable w.rt. x and there exists a constant L, such that for any x1 and x5, we have
SUD, o [ V7, (5,0) — Vray (5,0)]| < Ly |y — s

2. P.(s'|s,a) is differentiable w.rt. x and there exists a constant Lp such that for any x1 and x4, we have

SUP; g5 [ VP, ('], a) = VPu, (5|5, a)|| < Lpllzy — 2.

Let 7 (x) = arg max, Vi) (p), then there exists a constant L, such that for any x1 and xs, we have

Proof. Forany s € Sand a € A,

) = P @)/7) _eXp<

IV (21) = Va*(z2)|| < Lrllzy — 22|
X eXp(QZaf( 2)/T)

) Qi (7)
—1 sa\ 7)) |
ox Y (L2
By the definition of Q% (), we have

Qia(2) = ra(s,a) +7 ) Pulsls, ) Vi (2).

s’

This implies that

logZexp( ) logzexp( sd) 4, TP (s ’Is,a’)v;(a:)>

=17 TV (2))(s) = 771V (2).

Thus, we can represent 75, () as
1
) o (1@ - V2 ). (64

Taking the gradient with respect to = on both sides, we can obtain

v, (z) = Taa () <vmﬁ(s,a)+72v7D 'Is, a)Vii(x +WZP (s'|s,a)V V() — vv;@).

T
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In matrix form, this can be written as

Vr*(x) = %diag(ﬂ*(z)) (Vry +vDp(x) — U(x)VV*(x)), (65)

where each element U € RISIAIXIS| s defined as Usqsr 2 1 — YPyqs (z) for s = 5" and Usyqy £
and each element of Dp(x) € RISIMIXds i5 defined as

T)ea 2 Vi(@)VPu(s]5,a)"

—vPsas (x) otherwise,

Consider the matrix U(z), we have

U@ = | D 7?Poas ()2 + D (1 = ¥Psas(2))? < V/IS|IA] £ B, (66)

’
s,a,s

s#s’

and

1U(21) = U@a)ll < VISIAlsup Y [Usas (1) = Usas (w2)] < 1Cp/|S[[Al21 = w2l & Cyllwy — wall.  (67)

Consider the transition gradient term Dp (), we have for any state s and action a,
1Dp(@)sall = HZV (s'[s, )"
< Z Ve (@) [[VP=(s']s, )|
< |S | By Cp.
Thus, we can obtain

|Dp ()] < V/[SIAlsup | Dp (2)sall < [S]2]AI2 By Cp 2 Bp,, (68)

s,a
and for any x1, x5 € Ré= any state s and action a, we have

||D’P(x1)sa - DP(xZ)sa”

(@) VP, (8]5,0)" = > Vi (w2) VPay (s']5, )"

< Z ||V;(xl) (VPml(s'Ls,a)T — VP,,(s'|s,a) H + Z || Vi(x2)) VPIQ(S,|S,Q)TH
< |S|By sup [VPy, ('], a) = VPa, (s']s, a)[| + \3|CP||V*(9C1) = V¥ (22)lo

C.+~CpB
(ISIBVLP - |SCP17_7PV) |21 — 22|

IN

2 Cp, w1 — 22, (69)

where the second last inequality is due to the Lipschitz continuity of VP, and V*(z) w.r.t. x.
Moreover, define the mapping ® : R% x RISI — RISI as

) = g o " E 2P0 1),

where log(-) and exp(-) are element-wise operations, and 1 € RI! is an all-one vector. Then V*(x) is the fixed point of
this mapping.
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By Proposition 4.1 in Yang et al. (2025), we know that V*(x) is the unique fixed point of the mapping ®(z, -) for any
r € R, and V*(7) is differentiable w.r.t.  with

VV*(x) = (I —yP; @)V & (x, V*(x))

_ i’yt (73;*<m>)t V.0(z, V* (@), (70)
t=0

where Py @) ¢ RISIXISI is the transition kernel induced by the optimal policy 7*(x), with each element defined as

(PE) =S mi@)Pulsls.a).

Consequently, for any 1, 25 € R%, we obtain

[VV* (1) = VV* (22|

¢ ((P;:(wl))tV1<I>(:E1,V*($1)) - (”ng(xz))tV1®($27V*(332))) H

s ¢ ((pgfw)tv1q>(x1,v*(x1)) - (P;r;(“))tV1<I>(x17V*(3?1))) H
i’yt ((P;f(“))t V10 (ar, V(1)) — (P;f(“’)tV@(wﬂ*(m))) H :
t=0

Moreover, we have for any state s,
P51 (|s) = PE, #2) (:|s)]| oo
= IIZ7T als;z1) Pz, (+|s, a) ZW als; 22)Pu, (¢, @)oo
< IIZ (als;21) — 7 (al$;22)) Pa, (15, ) oo + | Y 7% (als: 1) (Pr, (|5, a) = Pay (-|5,0)) |
< Z |7 (als;21) — 7 (als;22)[|Pay (-[5, @)oo + > 7 (als;21) | Pa, (-|5, @) = Pay (-]5,0) ]|
< |7 (lss 1) — 7 (-[s;22) |1 + sup [ Pa, (], @) — P,y (+[5, @) ||

< VIAllle* (@) = " (@2)l + sup [Pz, (|5, @) = Pa, (‘]s, a)lls

< (VHMICx + Cp) llor = aall )

therefore, we obtain

1Pz 0 = PE )| o < IS]sup [P ) (fs) = PE ) ([s) oo < IS] (VIAICH +Cp ) Il = 2.

Hence, denote A = 73@ (@) c RISIXISI B = 77 (@2) ¢ RISIXISI We obtain

|(Pre) = ()| = a0

Z A7'"(A - B)B

i=0 o
t—1 ) 4
< Z ||At_1_l||OOHA - B”OOHBl”oo
=0
<14~ Bllw
< 18] (VIICr +Cp ) o1 = 2], (72)
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which implies that there exists a constant Ly, > 0 such that

i)~ (e

<] H (p;fl*(m))t _ (p;r;(frz)>tH < tLpow|w1 — 2. (73)

oo

Meanwhile, we have

8(1)5(39, ”U) o Za (893”3(3’ CL) +7 Es' 8%'P$(3/|s7 a)vs’) €xXp (7-_1 (rw(sa CL) +7 Zsl Pﬂc(s/lsﬁ a)vs’))

Ox; Za exp (T_l (Tw(s, a’) + Zsl PCU<S/|S7 a)”s’)) ’

and substituting v = V*(z), we obtain

Vi®@s(z, V*(z Zwsa (Vrl s,a) —l—’yZVP |s7a)Vj(x)> . (74)
Then for any z, we have

V1@, (2, V*(z |<Zwsa <||wx<sa|+v§jvp |s,a)|V;¢(x)|>

< C, +7|S|CpBy £ By, (75)
thus, we can arrive at
IVV* (@) = i (Pr) v, <x,V*<x>>H
<§%w | (P2 ) 11912, v @)
:
< @?' (76)

We also have for any state s and for any x1, 2,

[Vi®@s(z1, V*(21)) — V1®s(22, V*(22)) ]l

ra(1)Vry, (s,a) E Tag(22) Ve, (s, a)

Z Toa(21) Y VPay(s']s,a)Va (1) = Y wl,(2) Y VPuy(s']s, )V (22)

Y (wha(e1) = wla(22)) Vi, (s,a)

+

sal@2) (Vre, (s,a) = Vg, (s, a))

+ (D (7l (2 a(22)) vazl (s']s, )V (1)

Y |D (@) D (VPs, (s']s,a) = VPuy(s']5,a)) Vi (1)

Yo malw2) Y VP, (s']s,a) (Vi () — Vi (2)) H

< O/ |A|Cr+||x1 — 2|l + Le||z1 — 22| + 7IS|Cp By /| A|Cre ||l 21 — 22|
+[S|LpBy||z1 — z2| + 7|S|CpCy |21 — 22|
= (\/ |A|C,.Cr + Ly +7|S|Cp By /| A|Cre +7|S|LpBy + 7|3\CPCv) |21 — z2], (77)
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which implies that there exists a constant Lg > 0 such that

IV1@(@1, V¥ (@1)) = Vi®(z, V* (22))]| < v/[S|max |V1®s(21, V(1)) = Vids(aa, V*(22))]

< Lo|lzy — z2.

Subsequently, we can arrive at for any x1, x2,

IVV* (1) = VV* (@) < D

t=0
o

2.
t=0

<Y AtLpoullrr — 22| Ba + Y 7' VISILallz1 — a2
t=0 t=0

_ ('YLpowB@ 4 \/|S|L<p

|21 — 22| £ Ly [lzy — 22|
(1=72  1-7 )

(Prre)' = (P | 1120 v @)

Therefore, we have for any x1, x4,

V™ (z1) — V™ (z2) ||
= HT’l diag(m*(z1)) (Vr(z1) +vDp(z1) — U(z1)VV*(21))
— 7 Hdiag(m* (2)) (Vr(z2) +vDp(22) — U(z2)VV*(22)) ||
< 771 || diag(7* (1)) Vr(z1) — diag (7™ (22))Vr(z2) ||
+ 771y ||diag(7* (1)) Dp (21) — diag(n™ (x2)) Dp (22)]|
+ 7 [diag(n* (1)U (21) VV* (1) — diag(n* (22))U (22) VV* (22)|
) —

< 7! diag(n* (21)) (Vr(@1) = Vr(z2))|| + 771 | (diag(n* (21)) — diag(n" (22))) Vr(22)]]

+ 771 [diag(n* (1)U (21) (VV* (21) = VV*(22))
+T’1||diag( (1)) (U(z1) = Ulx2)) VV* (22) ||
! [[(diag(* (21)) — diag(r* (22))) U (22) VV* (22) |
|

(
<7 IIdlag(W( IVr(zn) = V()| + 77 1IIdlag( “(21)) — diag (7" (x2)) [ [V (22)]]

+ 77y |[diag (7 (21))I| [|1Dp(21) — Dp(2)l| + 771 [|diag(n* (x1)) — diag(n* (22))[| | Dp (z2) |

+ 77 diag(m* (21) U (@) [[IVV* (21) = VV* (22)
+77 | diag(r (21)) U (1) = U () [[IVV* (22)
+77 || diag(n* (1)) — diag(n" (22))[IIU (z2) [[IVV* (x2) |

<+ ISTAIL, 21 — 2l + 7~ V/[STAICH- Gy lay — s

+ T_l’YCDP ||$1 — .’EQH + T_I’YCW*BDP ||x1 — Q?g”

-1V |S|CUB¢' ||fE1
=7

_1BuBsCrs

+’T—1BUL‘/||CL'1—£L'2H+T 1—

— Tl + 7 21 — 2|

. t
(P ) H IV1@ (21, V(1)) = Vi®(aa, V*(22))|

(
) (Vr(

+77 0y ||diag(m* (1)) (Dp (21) — Dp(2))|| + 77 [|(diag (7* (21)) — diag (7" (22))) Dp(22)|
(

VIS|CuBs  ByBeChn
=71 <\/|S||A|(LT+O7T*CT)+70D7,+70ﬂ*BDP+BULv+ |1|lfy L U1j>7

£ Lyllzy — 22,

(78)

(79)

> lz1 — 22l (80)

81)

where the second inequality is to separate the differences of each term, and the third inequality follows from the sub-

multiplicative property of matrix norms.
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C.2. Useful Properties of Min—-Max Zero-Sum Markov Games

For the regularized MMZSMG M (z) = {S, A, B, r,, P,~} defined in Section 2, we define the state-visitation distribution
under policies 7y and 7y, as

oo
d;d”w ZytP 5¢ = s|sg ~ p, Ty, Ty, M(x)).
=0
Consider the following two best-response optimization problems: max _ NL VM(I (p) and min_ pealg| Vi wa( ). We

IS
have the following lemma.

| Al

Lemma C.4. For any x and any fixed my € Al S| the problem max__ VM(I) (p) admits a unique maximizer. Similarly,

MO

for any fixed my, € Al sp the problem min VL“’(’;)“’ (p) admits a unique minimizer.

[A]
Tr(pGA‘S‘

Proof. By definition, we have

NE

o) [ Y [re(se, ar, by) + Tg log gy (as|se) — Ty logﬁw(bt|st)]}
SO~ P,at~T g +|St

b~y (+[st)
str1~P(-|s¢,a¢,bt)

V/:rj(gw (p)
¢

I
o

M8

) o [ ~t [r;r”(st,at) + 74 log my(ar|st) + TwH(Ww(~|St))] ] , (82)
Sor~ 7(ltf\/7'l'¢ 1St

t
Se41~PTY (<s¢,a¢)

Il
o

where P™ (-[s¢, ar) = By, (fs0) [P (|56, ar, )] and 72 (51, a1) = B, o (50 72 (S0, @, by)].

Here H (my(-|s¢)) does not depend on 7. Since 7 is the min-player, we can define a new reward model for 74 as:
7:(1',1/))(55 a) £ 7T;w (57 CL) - T¢H(ﬂ¢(|5))

Then for any given x and v, M(z) is equivalent to a single-policy entropy-regularized MDP as M™ (z) =
{S§, A, P™, T(z,4)s ~}, and 7, is the policy that wants to maximize the soft value function:

J™(z, ¢) = Z’Yt [f(x,w)(st,at) — 74 log 7T¢(at|3t)] ) (83)

so~p,ar~Ty(-|st) |:t=0

stp1~P Y (s aq)

which is equivalent to —V i (p).

Since we know that in the single-policy setting, the optimal policy for the soft value function exists and is unique (Geist
et al., 2019), then for any given = and 1, the optimal 74 that maximizes the soft value function J™¥ (z, ¢) also exists and is
unique. Therefore, the minimizer of the problem min_ b€ A|A\ VM(z) (p) for any fixed = and 7y, also exists and is unique.

Similarly, VM“’(’ ) (p) can also be written as

Z’yt 72’ (8¢, b¢) — Ty log my (by|se) — T H (14 (- |st))] (84)
t=0

Vit (p) =
M() s0~p, bt~7w, ‘|s¢)
st41~PT P (+]s¢,bt)

where Pw¢('|5t,bt) = EatN%(_‘st)[P(~|st,at,bt)] and T’;rd)(St,bt) = ]Eat~7r4,(~|st)[rw(5taatabt)]'
Define

T(a,0) (5, b) £ rz?(8,b) — 7o H (74 (:]5)).
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Then, for any fixed x and 74, by absorbing the effect of 7, into the transition kernel and the reward, the optimization over
7y can be reformulated as a single-policy entropy-regularized MDP M™ (z) = {S, B, P™*, 7, 4),v}. The corresponding
objective for my, is to maximize the following soft value function:

T (2,1)) = > A [y (st be) — T log s (bulse)] |, (85)

S0~P, tNﬂ'w( [st) |:t 0

st41~P7¢ (|s1,by)

7T¢,TK'¢,(

which is equivalent to V| p). Then for any given z and ¢, the optimal my that maximizes J™¢ (x, 1)) exists and is

unique. Therefore, the maximizer of the problem max_ WINH V ( ) for any x and ¢ also exists and is unique. O
Denote the best-response policies as w(’;(x, 1) = arg min

rocAld V/:T/f’(;r) (p), 7, (, B) = argmax, iz Vi (z) " (p). De-

note the corresponding best-response parameters as ¢*(x, ) = argming J(z, ¢, ¢), and *(z, ¢) = arg maxw J(z, ¢, ).
Then the optimal softmax parameters satisfy

¢*(x,¢) = {¢ € REIM -y = w3 (2, 90)} = {log i (w, ¥) + diag(c)1s)x |4 : ¢ € RIFTY,

and

V' (2,0) = (¥ € RIS my = (2, 6)} = {log ) (, 6) + diag(e) s s : € RITT},
where 1;s|x|.4) is a |S| x | A| matrix with all entries being 1.

Similarly, we also define the best-response state-visitation distribution for policy 7y as d;¢’T(s) 2. dp77(s) |m ent (2.6)°
5 (@,

and the best-response state-visitation distribution for policy m,, as d};’w’ (s) & dp>™ (s) |7T¢ ent (z.)"
¢ k)

By Proposition 1, we know that the optimal policy pair (7r:;7 WZ) exists and is unique, therefore we can also define the
optimal state-visitation distribution under policies 7} and 7, as dy(s) L d"(s).

Denote J*(x) = ming maxy J(z,¢,9) = Vi, (p). Then we have the following lemma on the PL condition of the
best-response value function J; (z, ¢) = maxy, J(z, ¢,v) and Ja(z, 1) = ming J(z, ¢, ).

Lemma C.5 (Non-uniform PL condition on best-response value function). Suppose the initial distribution p has full support,
i.e., ming p(s) > 0. Then for any x, the best-response value function J1(x, ¢) = maxy, J(x, ¢, ) satisfies the following
condition in ¢:

%ll%h(z,cﬁ)ll% > m(z,¢) (Ni(xz, ¢) — J"(x)),

where

dgd) ,71':; (1¢) ( )

p(z, ) = BEETer
PEECOM

mln p(s) min w;(a\s) mln
s,a

IS |
and 7, (z, §) = arg maxy,, VL“’(’;)”’ (p).
Similarly, for any x, the best-response value function Jo(x,v) = miny, J(z, ¢,v) satisfies the following condition in :

LIVuda( )R 2 ol ) (7 (@) — o, )

where
dﬂ;(@,v/‘/))vﬂ—d) (S)

Ty s 2 in—-2— %/
po(x, ) = S| mlnp( )rgl}glﬂw(ms) i dw;(xW)fr(S) ’
P

and 7 (x,v) = argming, V, “’(’;)w( ).
Proof. Denote V(z, 74, Ty) = V;A"’(f)’” (p) for notational simplicity if there is no confusion.
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Define a new reward model for 7y, as

Fa)(8,a) = =12 (s,a) — Ty H(my(-]5)),

and the transition probability as P™ (:|s¢, a;) = Ey,r, (s,) [P(|5¢, @, by)].

Then, for any fixed  and ,, the original minimization over 7 can be equivalently reformulated as a maximization problem

in the single-policy entropy-regularized MDP
M ((E) = {Sv ~A7 py ) 7;(90,1/))7 7}'

Under the transformed reward 7, ), the corresponding objective for 74 is to maximize

J™ (2, ¢) = ZV Fla,p) (S, at) — 7o 10g7r¢(at|st)] )
so~p, (ltNTf¢( [st)
se41~PTY (¢ s¢,ar)

which equals —VL“}’;)“’ (p). Then the state-visitation distribution under policy 7y in this MDP is exactly

By Lemma 15 in Mei et al. (2020), we have for any «x, and any given 1,

315" (@ DI 2 7 (5,6) (max ™ (2,6) = T (2.0))

which is equivalent to

1 . .
3176V (&. w2 167 0,0) (Vo ) = min V(v ) ).

where

d7'(¢771'w
mln p(s) min wi(a|s) min dp” "(s)
s,a s

(2, 0) = o

IS\

7T¢,7l'1/,
e

(86)

87)

(88)

Now for an arbitrary 7, we have ;) (z, ¢) = arg maxy,,, V(z, 74, my) is unique. Thus, by Lemma A.2, we can obtain

Vedi(z,0) = Vg muz}x J(x, p, 1)
= V¢ maxV(x,w¢,7r¢)
Ty

= V(pV(LE, Ts 71—17;(:”; ¢))
Then we can get

1 1 "
SIVah (@, O = S1V6V (@, ms, ) . 6)) I3

> M"sz*(z,wd)) (J?, 7T¢) (V(J?, T, 7717;(-/155 ¢)) - II(;I/H V(l‘, T s 7717)(3:) ¢)))
= p(z, ) (Ji(x, ¢) = V(w, 75, (2, 9))) ,
where 7}, = arg min, V(x, ), m(x, ¢)) for the given ¢ and

dﬂ—d) 771'1/,: (a: ‘b) (S)

(2, 6) 2§ @) (2, 74) = - min p(s) min 7 (als) min -

‘S| dT 71',/,(13 ¢)( )
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Consequently, for any given ¢, by Proposition B.1, we can get
n;)i/n Ji(x,¢") = minmax V(z, my, my)
Ty o

= maxmin V(z, 7, my)
T 71—(;
> min V (z, m, 7, (2, ¢))
s
@

= V(x,irj;, 77;‘,(95, Tg))- (C2))]
On the other hand, by definition, we have
rr(})in Ji(z,¢") = minmax V(z, 7, my) = J*(2). (92)
’ 71—:75 Ty

Therefore, we obtain

LIV (@ w3 > pa(a,6) (a(2,6) = Vi 75,75 2, 0))

Similarly, we have for any x
1 *
S IVua(@ D)3 = pa, ) (7 () = Ja(x, ), 94
where
w5 (1)), my
_ Ty . . 9 . dy? (s)
pro(x, ) = Ehk p(s) minmy (bls) min "R
P (s)

and 7 (z, 1) = arg ming, V(x, 7, myp).
O

Lemma C.6 (Lemma 1 in the main text). Let § = (¢,v) € RISIAIHISIBI denote the concatenation of the policy parameters
¢ and 1. Suppose the initial distribution p has full support, i.e., ming p(s) > 0. Then, for any © and any 6, g(z, 0) satisfies
the following condition:

1
3 IVog(@, 03 > (. 0)g(x,0), (95)
where

) = (1 - ) T

min p*(s) min{min 77 (als), min 77, (b|s)} > 0.
s s,a s,b

Proof. By definition, we have

Vogle.6) = | 0] ”

Hence, by Lemma C.5, it follows that
1 1 1
SI¥09(,0)[8 = S IV (2, ) + 5V uTa( 0)]B

> (m:, O (. 0) — J*(2)) + pala, W) (T (&) — Jz<x,w>>)

2 min{/’“ (l‘, ¢)a/~t2($’w)} (Jl(xa ¢) - J2($’¢))
= min{ﬂl(ﬂ%¢)7M2(%¢)}9(w79)- o7)
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Since for any ¢, ¢, and for any state s,

dp?™(s) = (1—7) Zwt Pr(s; = s|so ~ p, mg, Ty, M(x))
t=0

> (1—~) minp(s) > 0,
S

then for any ¢, ¢', ¥, v/,

L dp”(s) .
min ———=—-—— > (1 — ) min p(s) > 0.
T () (1 =) min p(s)

Therefore, taking

) = (1 - ) T

Imnp *(s) min{min 7} (a|s), min 7}, (b] s},
s,a s,b

we have

1
SIVog (@, )3 > (., 0)g(,0). (98)

C.3. Proofs of Other Technical Lemmas

Lemma C.7. Under Assumption 1, there exists a constant py > 0 such that the joint value function J(x, ¢, ) satisfies the
following PL. conditions for any x, ¢ and 1):

SIV6T (@, 6,0)13 > s (2,6, 0) — Ja(a, ),
LI 6,) 13 2 by (s (2,6) — T (,6.0)).

Proof. From Eq (88) in Lemma C.5, we have for any x and v,

%I|V¢V($7W¢7W¢)H§ = u(z, 9) (V(%%ﬂw) - f%i,nV(xﬂw'ﬂw)) ; (99)
which is equivalent to
SIV6 T, 6,0) 1 > 57 (2,0) (T2, 6.) — o, ) (100)
where
" (0.6) = o min o) min als) min 2

dy™ (s)

2
> oninp(s) (smino(als) ) (1= 7)min ()

> (1 )mln{m,m}ézéz (101)
S|
Similarly, for any = and ¢, we have
1
SIVed (@6, )3 = ™ (2,9) (Ni(w,6) = J(,6,9)) (102)
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where
) dTl'd,,Trw
7, 0) = T min () i 01 H%EHW
P
> (1 v)Wéﬁéﬁ (103)
Thus, by taking ;17 = (1 — 7)%55& > 0, we complete the proof. O

Lemma C.8. Under Assumption 1, the NI function g(x, ¢, ) is pg-PL in (¢,) for some constant pg > 0.

Proof. By Lemma C.6 and Assumption 1, we have for any x and 6,

w(z,8) =(1— ’y)w min p?(s) min{min 7755(0,|S), mibn Tl'i)(b|5)}

S|
min{7y, 7.
> (1- 7)Wf5252 (104)
Taking p, = (1 — 7)%“"’%}62&3 > 0, we complete the proof. O

Lemma C.9. Under Assumptions 1 and 2, for any x and 1), define 7'('2(.%‘, ) £ arg min, ” VL"’(’;T)‘“ (p). Then there exists a

constant Cr 1 such that for any x1, T2, 11, and 12, we have
[ (x1,¥1) — g (@2, Y2)[| < Crp ([Jor — w2l + b1 — ¥2f) -

Similarly, for any x and ¢, define Ty, (7,¢) £ arg max, » VL“’(’;)” (p). Then there exists a constant Cr. o such that for any

1, To, ¢1, and ¢o, we have

73 (21, d1) — 74 (22, p2) | < Cr 2 ([ln — w2l + [|¢1 = ¢2l]) -

Proof. By Lemma C.4, we know that ﬂ;‘;(x, 1) is the unique optimal policy for a single-policy entropy-regularized MDP
M (x) = {S, A, T (v, 731!)7 7,7y} for any given - and ¢, where 7, (s, a) is defined as

T (5,0) 2 ~Epuy(fs) [1a (s, a,b) — 7y log my (D]s)]
and 751/, is defined as
ﬁw(5,|57 a) £ Epy()s) [P(s|s,a,b)].

Moreover, we have the following properties for 7, ;) and Py(s]s, a):
P (a,p)(5,0)| < By + 7y log | B, (105)
and

sup [Py, (s'[s, ) — Py, (s'|s, a) 1
s,a
= Su
e
=Y

gsuthrwl (b|s) — Ty, (Ds) ZP (s'|s,a,b)
s,a

= sup [[my, ([s) = 7, ([9)h, (106)

(b|s)P(s'|s, a,b) — my, (b]s)P(s|s, a,b)

Z Ty b| sz(b|3))73(s’\s,a,b)
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and

Sup |’?(111,1/)1)(S5 a) - ;F(Iz,’(l)z)(sﬁ CL)|
s,a

< sup Zﬂ'w(bb) (rey (s,a,b) — 142,(s,a,b))

s,a
’ b

+sup [y (H(my, (-|s)) = H(my, ([s)))]

s,a

< Crllar = @2l + By sup [[my, (+[s) = my, (-[8) |11 + 7y sup [H (my, (-]5)) = H (g, (-]3))]- (107)

+ sup

> (7, (Bls) — 7 (b)) 7, (5, @, B)
b

For any s € S, any 71,713 € A, and 71,73 > 0,1, the entropy function H(-) is Lipschitz continuous with Lipschitz
constant Hs_ = max{1, |1 4 log d,|}, which means

[H (g, (|s)) = H(my, (-[5))] < Hs, |7, (-[s) = 7, (-]8)[l1- (108)

And we also have for softmax parameterized policy 7y, and any state s,
\/IBI V1B
7, (-[8) = T ([8) 11 < V/IB[ [0, (+]8) = 7, (-[8)[] < [1.(s) = wa(s)ll < == ll¥1 — ¢ell- (109)

Then we obtain

sup |5;I($1J/)1) (87 (L) - ?(mz,wz) (87 a)‘

s,a

B
< VI (B, 4+ 7y ) I — vl + Ol —

< Crll(z1,91) — (w2, 92)]), (110)

where C,, = v/2 max{C,, f(B + 74 Hs, )}, and

~ ~ B B
sup [Py, (s'[s, a) = Py, (s']s, a) [l < deJ — ol < \/p\\(azh%)*(zz,%)l\- (111)

Now we will show that 7} (x, 9/) is Lipschitz continuous in ¢. Let Q*(z, ) € RISI*IAl be the optimal soft Q-value for the

MDP M (x,1). Since the assumptions required for Lemma C.1 are satisfied, by Lemma C.1, there exists a constant Cg
such that for any x and 1)1, 12,

||Q*(£C,¢1) - Q*(JU;?/JQ)H < CQH(%%) - (xa’l/]Q)”

And the optimal policy 77, (z,) can be represented as

exp(Q5a(2: ¥)/7s)

, VseS,ac A
S (@ (0, 0) 7). S ESeEA

my(als;z, ) =
Therefore, we have for any x and 1)1, 12,
175 (21, 01) — 75 (22, 2) ||

< 507 @) = @ (2,00

C
< ﬁn(xl,wl) — (z2,12)]|

CQ

<
~ 271y

(ley = @2 + [[1 = 92, (112)
which completes the proof for the first part. The second part can be proved similarly for the opponent policy . O
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Lemma C.10. Under Assumptions 1 and 2, for any ¢,, define ¢*(x,v) = argming J(z, ¢,v) and ¢*(z,¢) =
arg maxy J(x, ¢, 1), then we have for any 1, x2, Y1, %2, g1, o2, there exists a constant Cr > 0 such that

dist (" (1,%1), 0" (22, 92)) < Cr ([l — w2l + (|1 = ¥2l))
dist (V™ (21, ¢1), " (w2, ¢2)) < Cr (lxr — @2 + [|d1 — ¢2]) -

Proof. Since we know that for any given x and ¢, 7 (z, 1)) = arg ming, VL‘Q’;)“’ (p) is unique, then we have

¢ (z,) ={¢ 1y = wé(xﬂ/;)} = {logw;(gmzp) + diag(c)1s|x|4) i C € Rlsl}.

Here we consider log  and ¢ as a long vector in RISl and 1 € RIS is a vector with all entries being 1. Thus, for any
X1, T2, 11 and 1y, the distance between the two sets ¢*(x1, 1) and ¢* (22, 1) can be calculated as

dist (¢*(x1,91), " (x2,12))

= inf —
P1E€P* (T1,1),P2€0* (w2,92) ”¢1 ¢2H

= CleR‘Si‘I}CfQGR‘S‘ H log W;(xl,’lbl) + diag(c1)1|3|><|_,4‘ — logﬂ';(xg,wg) — diag(02)1‘3|X‘A|H

[log 7 (z1,%1) — log 7 (w2, 12) + diag(c)1|s)x |4/l

inf
ceRISI
| logw;(azl,@[}l) - IOgWZ(%ﬂ/&)”
175 (w1, 01) — 75 (22, P2) ||

IN

IN
Oq‘,_,

™

T2 (||y — @2l| + [[v1 — o)) - (113)

T

Q

INA
>,

Similarly, we can prove that for any x1, 22, ¢1 and ¢o,

C7T,2

dist (¢¥* (21, ¢1), Y™ (w2, ¢2)) < 5 ([[o1 = 22| + [|¢1 — @2ll) - (114)
By taking C; = max { Cé:-,l ’ C(;Q } we complete the proof. 0

Lemma C.11. Under Assumption 2, the approximated gap function §(x, ¢, 1, (;~57 1@) is Cy-Lipschitz continuous, Lg 1-smooth,
and has an Lg o-Lipschitz continuous Hessian, for some constants Cz > 0, Lz 1 > 0, and Lz 5 > 0.

Proof. Since the approximated gap function §(z, ¢, v, ¢, ) is defined as

g(xa¢a¢a¢;71/;> :J<x7¢a1;)_*]<x7(£aw)7 (115)
then by Assumption 2, J(x, ¢, ) is Cs-Lipschitz continuous, L ; 1-Lipschitz smooth and L ; o-Hessian Lipschitz continuous
in (z, ¢, 1), thus the proof is straightforward by taking C; = 2C;, Lg1 = 2L and Lg 2 = 2L 5 5. O

Lemma C.12 (Lemma 2 in the main text). Under Assumptions 1 and 2, the gap function g(x, $,v) is C4-Lipschitz
continuous, L 1-Lipschitz smooth, and L4 o-Hessian Lipschitz continuous in (x, ¢, ), for some constants Cg, L, 1 and
Lgo.

Proof. By Assumption 2, we know that J(z, ¢, ) is C';-Lipschitz continuous, L 1-Lipschitz smooth and L ; »-Hessian
Lipschitz continuous in (x, ¢, ¥). Then for any x1, z2, ¢1, P2, U1, Y2,

|J (21, d1,91) — J (@2, P2, %2)| < Cy ([lz1 — 22| + [|@1 — P2l + [J1b1 — 2l])
VI (21, 01,11) — VI (22, P2, ¥2)|| < Ly (21 — 22| + [[@1 — @2l + (|11 — 2l])
V2T (21, ¢1,01) — VI (32, ¢2, )| < Lo (lz1 — a2l + |d1 — dall + Il — o)) - (116)
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Consequently, we can obtain

Ji(z1, ¢1) — J1(x2, P2)
= H’leal.X J($17¢1a’¢}1) - %%XJ(SC2’¢27¢2)

:J(wlad)law/)7%32“XJ(1'23¢237/}2% T/)/ Gw*(‘rlad)l)
S J($1,¢1’¢/) - J(an(anw/)
< Cy([lzr — z2f + (|1 — b2)), (117)

and similarly
Jo(21,v1) — Ja(22,12)
- I%ln J(l’l, ¢17 ¢1) - H(;ll’l J(x27 ¢27,(/)2)
1 2

< J(x1;¢/7w1) - J($2,¢/,1/12)7 ¢I € ¢*(‘T27flp2)
<Oy (llzr — 22l + 11 — 2l]) - (118)

Therefore, we have

lg(z1, ¢1,91) — g(2, d2,92)|
= |Ji(z1, 1) — Jo(x1,¢1) — (J1(22, P2) — J2(22,2))]
< [Ji(z1,01) — Ji(z2, 92)| + [J2(T1,91) — J2(22,2)]
<207 (lzr — w2 + [[¢1 — b2 + |11 — all), (119)

which proves the Lipschitz continuity of g(z, @, ¥).

Next, we will prove the Lipschitz smoothness of g(z,,v). Since we know that for any z and ¢, m(z,¢) =
arg maxr,, VLT;)”” (p) exists and is unique. By Lemma A.2, we have

V(z,¢)J1(7, P)
= V(z,(i)) mwax J(l‘, ¢a ¢)

= Via,) max Vi (o)

= Viw,s)Vri(ay (P)

Ty =7, (%,0)

= Vi) Vit (0)

pep*(z,4)
Since any ¢ € ¢*(x, ¢) induces the same optimal policy 7}, (, ¢), then we have for any ¢', 9" € 1*(z, ¢),
Vﬂ'd),ﬂ'w Vﬂ—dnﬂ—w

Vi)Vt (P) — = Vo) Vai(e) (P)

=V Vum 0] -
S— -

Thus we can use any ¢ € ¥ (z, ¢) to calculate V(, 4)J1(z, ¢), and we choose 1) = log 7}, (x, ¢), which is the canonical
parameterization of the optimal policy 77, (x, ¢), then we have

Vo (0:6) = Ve Vi 0) = Vo (2.6 log i, 0),
Yp=log ) (z,9)
which implies that for any =1, z2, ¢1, @2,
IV (@,0)J1(x1,01) = V(g g) 1 (22, $2) |
= [|[V(z.g)J (21, 01, log T, (21, 01)) — V(2,6)J (22, P2, log T}, (72, $2))]|
< Ly (1 — 2|l + |61 — 2l + [og 7y, (w1, ¢1) — log 7y, (22, ¢2) )
< Lyi(1+Cr) ([lor — 22| + [[¢1 — d2ll) - (120)
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where the last inequality follows from Lemma C.10.

Similarly, we can prove that for any z1, z2, 11, ¥2,

IV (@) J2(T1,%1) = V(@) J2(2, Y2)|| < Lyi(1+ Cx) (21 — 22| + (|1 — ¥2|)) - (121)

Therefore, we have

IVg(z1,01,91) — Vg(2, ¢2,92)|
Vaedi(w1,91) — Vada(w1,91) Vo Ji(w2, ¢2) — Vaida(wa,1)2)

= Vedi(z1, 1) - Vg Ji (22, $2)
—Vyda(z1, 1) —VyJa(x2,12)
<MV J1(x1,01) = Vie,g)J1(@2, 02) | + [V (@) J2(T1,901) = Vg gy 2 (22, ¥2) |
<2L51(1+ Cx) (21 — 22l + |1 — 2l + |91 — 2l]) (122)

which proves the Lipschitz smoothness of g(z, ¢, ¥).
Finally, we will prove the Hessian Lipschitz continuity of ¢g(z, ¢, ¢). By the chain rule, we have
VA(2,0) = Vi (2, 6,108 7 (2, 0)) + V(a0 log T} (. ) Vi, J (2, 6, log 7}, (x, ), (123)

where V3,J(z, ¢,log 7 (z, ¢)) € R HSIADX(daHISIAD s the Hessian of .J with respect to the first two arguments
(z,9), and V3, (z, ¢, log T (z,0)) € RISIBIX(d=+ISIIAD i5 the cross derivative of .J with respect to (2, ¢) and 1, and
V(2.0 log T}, (z, ¢) € RU=FISIADXISIIBL js the Jacobian of log 7, (, ¢) with respect to (z, ¢).

Since given any  and ¢, 7} (x, ¢) is the optimal policy for the MDP M™% (z) defined in the proof of Lemma C.5, where
the reward function 7, 4)(s, b) is defined as

’F(z,qﬁ) (87 b) = Ea’\’”¢('|s) [T1(87 a, b)] - T¢H (7T¢(|S)) 3
and the transition probability P (s'|s,b) is defined as
P (s']5,b) = Eqrn,(s) [P(5']5,a,0)] .

and in the proof of Lemma C.9, we also show that there exist constants Br, C’r and C p such that the following conditions
are satisfied:

|7 (2.0 (5,0)| < By + 75 log |A| £ B,, (124)
sup [P™e1(s'|s,b) — P2 (s'|5,b)|l1 < Cpll(21,61) — (z2, 62, (125)
Sul? ‘7;(2?1@1)(87 b) - f(:tz@z)(s’ b)' < CMVT‘”(‘,Ela ¢1) - (an ¢2)” (126)

Moreover, we also have

sub HVI?:(M’%)(S’ b) - VIF(wzﬂi’z)(sv b)H

s,b
= Sull)i) ‘ Ea~7r¢1 (-1s) [VITII (S7 a, b)] - EQNM)ZHS) [Vfl“i2 (S, a, b)} H
< sull)) ’ Ea~ﬂ¢1('|3) [Vare, (s,a,b) — Vrs, (s, a,b)]H
450 By, (1) (Vo (5,0,D)] = B (1) [Viras (5,9, B)] |

< Lyllzy — @2l 4+ Cr sup [|mg, (+[s) — g, (+]5)[11
VA
< Lo — 2ol + €Y o — . (127)
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and

zug) ||V¢7:(11,¢1)(87 b) - V¢'7:(902,¢2)(S’ b)H

< sulf) Z Voo, (a]$)Ts, (s,a,b) — Z V 6Ty (a]$)T4, (8, a,D)

Z (V¢7T¢1 (a|s) — Vg, (als)) Tay (s,a,b)

a

+ 79 SUp [V H (7, (+]5)) = Vo H (4, ([5))

< A sup |rg, (s,a,b) = 74, (s,a,b)| + Br|Alsup [ Ve, (als) — Vs, (als)]|

s,a,b

+ 7 SUp [V H(mg, (+]5)) = Vo H (4, ([5))]

s,b

< sup Z VT, (als) (g, (s,a,b) — 14y (s, a,b))

+ sup

S)

+ 7 SUp [V H(mg, (+]5)) = Vo H (4, (5))

3
< (IACT + §BT\AI + T¢LH) |61 — o2l (128)

4+8log |A|
B

Then there exists a constant L, = max{L,, |A|C. + %BT|A\ + T4 Ly} such that for any x1, 2, ¢1, ¢2,

where the last inequality follows from Lemma 6 in Zeng et al. (2022), and Ly =

SUP [V o, (ar,60) (3:0) = Vi) aaon) (3:0)]| < Lo, 61) = (w2, 62)]1- (129)
S,

For the transition probability, we have

SUP |V ) P71 = V(3P
s,b

= sup D Ve o (als)P(s']s,0,0) = > Viag)Tg, (als)P(s']s, a,b)
3
< §|A|||¢1 — 2|

< 1Al 61) - (22, 62)
£ Cpll(z1, 1) — (w2, 82)l- (130)

Then by Lemma C.3, we know that V(L@w:‘b(x, ¢) is well-defined and there exists a constant L, 1 such that for any
Ty, X2, ¢15 ¢27

IV (@)™ (71, 01) = V()T (T2, $2)[| < Ly 1|71, 1) — (w2, $2)]], (131)

and by Lemma C.2, we know that there exists a constant Cyy~ such that for any x, @, |V ¢y 77, (7, )[| < Cy-.
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Therefore, we have for any x1, x2, @1, P2,

V21 (21, 61) — V2 J1 (22, 6o)
<V T (21, g1, log ) (21, 61)) — ViiJ (22, o, log my, (w2, ¢2)) |

+ IV (2,0 log 3 (21, 1) VigJ (21, ¢1,log T (w1, ¢1))

= V(a,¢) log 7, (2, $2)VisJ (2, 2,10g (22, 2))||
< Lya ([lzr — o2l + |l¢1 — @2l + |[log ¥™ (21, 1) — log 9™ (w2, ¢2)||)

IV (2,0 log T3 (21, 1) — V(4,0 log ) (w2, d2) || - [[VIaJ (21, b1, log 7, (w1, 1)) |

+ IV () log 7 (w2, d2) || - | Vig (1, ¢1,log ) (1, ¢1)) — Vigd (2, d2,log ) (2, ¢2)) |
< Ly2(1+Cr) ([lz1 — 22 + [[¢1 — d2l])

+ Ly, sup IV (2,6) log 7, (b]s; 21, ¢1) — V(2,4 log 7, (b]s; 22, ¢2) |

+ Cy-Lyo(1 4 Cx) (o1 — 22l + ll¢1 — ¢2l)
< (Ly2(1 4 Cr) + Cyr Lya(1 4 Cr)) (r — 22l + [|¢1 = ¢211)

1 * *
+ Ly sup IV (2,670 (DI85 21, §1) — V(z,6)77, (b] 83 22, Do) |

L.
< (Laal 4 €+ €y Laalt + €+ Lo 22 ) (fon =l + 11— ). (132)

Thus, by taking Ly, o = Lj2(1 + Cr) + Cy-Lj2(1+ Cr) + LM%, we prove the Hessian Lipschitz continuity of
Jl (.’II, (b)

Similarly, we can prove that for any x1, z2, 11, V2,
V2 Ja(z1,91) — V2 Ja(z9,902) || < Ly (|1 — 22|l + |91 — ¥2])), (133)

for some constant Ly, o = Lj2(1+ Cr) + Cy+Lj2(1+Cr) + Ly %.

Therefore, we have for any x1, x2, ¢1, P2, 11, V2,

1V2g(z1, ¢1,91) — V2g(w2, d2,12)||
<|IV2 I (@1, ¢1) = V2J1(22, 02) || + V2 J2 (21, 01) — V2o (2, 00|
< (L2t Lya2)(lzr —z2f + [l¢1r — é2 + (1 — 2|l , (134)

which proves the Hessian Lipschitz continuity of g(z, ¢, ). O

Lemma C.13. Under Assumptions 2, let A > Ao, then the penalized objective function h(x, $,1) is Ly, 1-Lipschitz smooth
for some constant Ly, 1 > 0.

Proof. By definition of h(z, ¢, 1), we have

(e, 6,9) = 31(2,6,9) + 9(,6.0).

From Assumption 2 and Lemma C.12, for any A > 0, it is straightforward to verify that i is (+Ly,1 + Lg,1)-smooth.
Therefore, we just need to take L, 1 = ,\%Lf,l + Ly 1. 0

Lemma C.14. Under Assumption 1 and 2, let X > X, then there exists a constant Ly such that F(x) is Lg-Lipschitz
smooth.

Proof. By Assumptions 1 and 2, we have f(z,¢,%) is Cy-Lipschitz, Ly ,-Lipschitz smooth and has L o-Lipschitz
Hessians in (¢, 9).
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By Lemma C.12, we also have g(x, ¢, ¢) has L, ;-Lipschitz gradients and L, o-Lipschitz Hessians.
Moreover, by Assumption 2 and Lemma C.8, cf(z, ¢, %) + g(x, ¢, 1) is pup-PL in (¢, 1) forany 0 < ¢ < )\i

Therefore, by Lemma 4.4 in Chen et al. (2024), we know that there exists a constant L such that F'(x) is L r-Lipschitz
smooth.

O

Lemma C.15 (Estimation Error of Finite Horizon). Under Assumption I and 2, there exists a constant o > 0 such that
for any x, ¢, 1, compared with the true gradient, the estimation error of the estimated gradient using horizon H satisfies

IV s (2, b, 005 H) — Vo (, 6, 0)||* < > H?0%,
IV (2, 6,03 H) — Vo (z, 6, 9)|* < ¥*7 H?0%,
Vo d (2, 6,9 H) — Vo d (2,6, 90)|]° < v*H o

Proof. By Lemma B.6, we have

Vel (z,¢,9) = lZv Vo log my(at|st) (QM(Q:) (8¢, at,br) — Ty logmy (be|sy) + 74 log7r¢(at|st))1 . (135)
t=0

Then expanding the Q-function, we obtain

Ve (x, ¢,10) = Zy Vg log my(ar|s)) Gy | (136)
t=0
where
£ Z (ro(Sk, @k, by) — Ty log my (br|sk) + T log Ty (ak|sk)) |So = 8¢, a0 = at, by = bt} . (137)
k=t
If we use a finite horizon H, then the estimated gradient is
H—1 R
Vol (2,6, 0;H) =E | > 4'Vylogm(ais)GY | , (138)
t=0
where
R H-1
GEAE Z ARt (r2(Sk, ak, bi) — Ty log my (b |sk) + ¢ log e (ak|sk)) |So = s¢, a0 = az, by = bt] . (139)
k=t
Then the bias is bounded as
H-1 oo
=||E Z 7'V 4 logmy(at)s:)GE — Zytw log my (at|st) Gy ‘
t=0 t=0
H—1 H—1
Z 7'V log7r¢(at|st Z 7'V log Ty (at|s:) Gy ’
t=0 t=0
Z 7'V s log mg(at|se) Gy
t=H
H-1 R 00
Z 7'V s log Ty (at|st) (Gf — Gt) Z 7'V s log 7r¢(at|st)Gt1 ‘ (140)
t=0 t=H
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Moreover, we have the following bounds:

|G| < Zv’“ "max (|ra(s, a,b)] + 7y [ log my (b]s)] + 7| log mo (als)])
k=t

< B, + (Tw + T¢7) log i ~r Gmax

= 141
= 1—~ 11—~ (141)
and
[
Z (rz(Sk, ak, bi) — Ty log my (b |sk) + Tg log e (ak|sk)) |So = s¢, a0 = ag, by = bt]
k=H
< it Gmax (142)
L=~
and
Voms(als)|| _ Cr 4
Vel =||——=| < — = G;. 143
19 log mo(als)] = | VT < € (143
Thus, we obtain
Vo] (2, 6,003 H) = VgJ (2,6, 9)1”
H-1 2 [eS) 2
<2|E Z 'V log me(ay|st) (Gf[ - Gt) +2|E lz 1V 10gw¢(at|st)Gt]
t=0 t=H
2G2 G2 2G2 G2
< ma2x ’72HH + mzx ,_Y2H
(1-=9) )
4 2
< G Gmax ’}/QHH2 (144)
(1=)*
Therefore, by taking oz > % we complete the proof of the estimation error for the gradient estimator of ¢. The
proof for the estimation error of the gradient estimator of 1) follows analogously.
The true gradient of J(z, ¢, 1) with respect to x is
o (2,0,) = [Zv v m(st,at,bt)l, (145)
t=0
and the estimated gradient with finite horizon H is
H-1
VmJ(%fJb,ﬁ%H) =E Z Vtvzrm(st;at;bt)] . (146)
t=0

Then the estimation error of using finite horizon H is

Z ’thxrm(sta g, bt)‘|

t=H

Vo d (2, 6,0; H) — Vo d(z,6,9)|? =

2 00 2 ,YQH
< C? (Z %) = Cfm (147)

t=H

Therefore, by taking oz = max{-< M} > 0, we complete the proof. O

1—y? (1-7)
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Lemma C.16. Under Assumptions 1 and 2, in Algorithm 1, for any x, ¢ and 1), we have

- 27
97

E_ sz(l',(,ZS,’L/J,B‘],H)f]E_vzj(l',(,b,’l/),H) < ==

E- vd)j(xagbvw;BJvH)_]E_vqu(wvd)vw;H)_ Si

E || VyJ(z, ¢ 0; By, H) — E [Vyd(z, 6,0 ]| | < 2L
for some constant % > 0.

Proof. By Lemma B.5, we have

(55 o, 7/1 [Z’Y V. Tx(Staatabt)] )

t=0

thus the truncated gradient with horizon H is given by

E Vol (2,6,05 H)| = Vod (2,6, 0: H) = E

H-1
Z "thzrr(sh ag, bt)] )

t=0
where the first equality holds due to the unbiasedness of Monte Carlo sampling with horizon H.

The stochastic gradient estimator with batch size B is given by

By H—-1
o 1 S
o (6,05 By, H) = 53 (Z vaxrasi,a;bz)) : (148)
=1 t=0

Then we can get

E Mvg;j(a?,aﬁ7¢; By, H) - E [ij(x’¢’w;H)} HQ]

2

1 &2 (= o H-1
=E Fz (Z /thIrm(Sgagb%) —E Z 'ytvxrz(st7at7bt)‘|> (149)
=1 \t=o0 =0
1 H-1 TH—1 2
= B, Z Vtvmrz(sm G, bt) -E Z ’thxrx(sty Qt, bt)‘| (150)
t=0 L t=0
] H-1 27 H-1 2
=5 Z V'V e (e, a, by) E Z WtVzrz(shahbt)] (151)
J t=0 t=0
H-1 2
S5 Z V'Vare(se, ar, by) (152)
J t=0
1 C?
S B (153)
By (1—7)?

where the second equality holds due to E {H% S X —EX]|| } =1E { |X — E[X]||?|; the third equality holds due to
E||X — E[X] ||2} = E|| X||? — |E[X]||?; the last inequality follows from C,.-Lipschitz continuity of 7.
By Lemma B.6, we have

Vel (2, 0,9) =

Z’ytVIOqub(at\St) (QM(a: (8¢, at,be) — Ty log my (be|se) + 7 10g7r¢(at|st)>1 )
t=0
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then the truncated gradient with horizon H is given by

E Vo (2, 6,05 H)]
= Vs J(z,¢,9; H)

H-1
=F lz vtV log 7r¢(at|st)Gt7H] , (154)

t=0
where

H-1

Gor £ E| D 7" (rulsn, ar, br) — 7y log my (by|sk) + 7 log mg (ak|sx))
k=t

50 = 5¢,a0 = az, by = by | . (155)

The stochastic gradient estimator with batch size By is given by

V¢j($,¢,1/);BJ,H)
By H—-1

1 s
B > (Z 7'V log %(a?&ISi)G%,H) : (156)

i=1 \ t=0
where

G VT (ra(sks @k, b)) — Ty log g (b ]sh) + 7 log me (ak|sk)) (157)

and {s}, al, bi}L," is the ith trajectory i.i.d. sampled under policies 7, and 7y, in MDP M(z).

The upper bound of the absolute value of @t, g is given by

T

-1
Giul < D A" (Ira(sk, g, 0))] + 7y log my (B |s3)| + 4] log me (ais)])

INA
il

’ykitGmax

ko
Il
o+

IN
[t

7Gmaxa (158)
ol

where G,ax is the upper bound of the absolute value of the reward and the entropy terms defined in Lemma C.15.
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Then we have

E [Hwi(adx%&ﬂ) ~E |Vod (e, 6,0 H)| m

2

_E V¢ZJ Loy 0; H IE[WJ(I,%MH)}
= BLJ]E _"V¢j(x,¢,w;H) —E Vo (z, 6,03 H)] HQ]
< 5.8 |[Vedt o]
ZLE _ Hz_lvtngﬂ' (atls )é 2

B, 2 plat|St)Ge g
<+ 1 G2G?nax <27>2

1 G2G?nax
=B, By (1—=9)*

(159)

(160)

(161)

(162)

(163)

(164)

where (159)—(161) are obtained using the same argument as (149)—(152), and the second-to-last inequality uses the

definitions of Gr and Gy in Lemma C.15. The proof for V. J (z, ¢, v; By, H) follows analogously.

Therefore, by taking oy = max{ 16377 C‘(’ffgszx

} > 0, we complete the proof.

C.4. Proofs of Theorem 1

Lemma C.17. Suppose Assumptions 1 to 3 hold. Then, for each outer iteration t of Algorithm I, we have

20]% N 8\%0? .

E (16 - Elell?) < L + =5

Proof. In Algorithm 1, we have

o~

Vi La(Xty Ytt1s 2t41, Yt+1, 2415 B, By, H)
Vo f (24, 6505 B) + AV0a (26, et 21, e Zev1; B, H)
Vo f (@, o5 085 B) + AV (2, 61,015 By, H) — AV d (24, 61, 1 By, H).

4

Therefore, it follows from Assumption 3 and Lemma C.16 that

E [||6: — E[¢:]|”] < 2E

B
3 Ve i 08, 01 ~ B[V flae, o )
i=1

||V Fon,of 5B, 1) ~ B [V, o off 38 0] |

+AXE [Hvxj(xt,&fwz(;BJ,H) —E [V (i, 68 9 1) H2]

20} N 8\2g2
B B,
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Lemma C.18. Suppose Assumptions I to 3 hold. In Algorithm 1, if X > X\, then

Z [IEe] — V.23 (20)11]
=0
T-1
C: 8 8L 1
_%EGXP( MhnaK)Ae-i-(hT:eXp — oK) = ZE [lzesr — ze?]
t:O

2
g
+0(57) +0(55) + O H?),
J

where C1 = % (2[%1 + 32/\2L?,71 + 32)\2L3’1072r), c is a constant defined in (189), Ly = max{Lp1,Lj1}, e =
min{pp, 1y}, and Ay is the initial optimality gap of the parameters defined in (206).

Proof. In this proof, we use the notation for 6, 8*(x), and 6*(«, #) introduced in Table A.1.

In Algorithm 1, the estimation error is bounded as

* 2

[E [£] = VL ()l
< 2|V f (e, 03(0)) = VF (@2, 0|1 + 20|V g (e, 03 (20), 0% (20, 03 (24))) — V(e 0, 07 H)|J?
< 2L% 1 dist® (07, 0% (w0)) + 4N VG (e, 03 (), 0" (e, 03 (21))) — VG (e, 6, 61|

+ 4)‘2Hv§(l‘t79tKvétK) - Vg(mt’ etK’ étKv H)H2
<212 dist?(0K, 63 (1)) + 2X° L2, (2 dist? (0% (z4), 05) + 2 dist? (0% (y, 0% (), 6K ))

+ 8)‘2va€‘](xta ¢i{<a 'lz[;tK) - va(xta ¢i{<a 'l/?tK’ H)||2 + 8A2HV1J(mta (5{{7 1/’5) - VCEJ(xta éf? wtK’ H)||2
< (2L3 ) +4NL2 ) dist? (03 (xe), 07 ) + 4NL2 | dist® (0% (ze, 03 (22)), (61, 91)) + 16077 o3,
< (2LF, +4ANL2 | + 8N L2 | C2) dist® (05 (24), 07 ) + 8A’L2 | dist® (0% (@, 07 ), 0 ) + 16M*v*H o3, (167)

where the second inequality decomposes the estimation error of g into an optimization error and a stochastic error arising

from the finite horizon H; the second-to-last inequality is implied by Lemma C.15; and the last inequality follows from
Lemma C.10.

We next bound the distance terms arising from the inner loop. By the L, ;-smoothness of i(z, 8), we have for 79 <

2Lh 1’
L
h(e, 0F 1) < e, 0F) + (Voh(xe, 0F), 05 — 0F) + =2 [|0f T — 0f |2
) Lyamp o
= o, ) = FI¥onan )P + (F5472 — ) Lk + Tk
1
< (e, 0F) — 5[ Voh(ar, 0F)| = S (1657 — 6F) + @Hbfué (168)
2 47]9 2
where bf £ Vgh(xs,0F) — gF is the gradient-estimation error.
Since h(x, 0) satisfies the u;,-PE condition with respect to 0, it follows that
k+1 * k * e kyp2 Lokt Ej2 4 M6 k)2
h(ze,077) = B (2e) < h@e, 07) = B (2e) = o [[Voh(@e, 07117 — m\\et = O¢117 + S libe
* 1 : Tlo
< (1= pnng) (h(we, 0F) = B* (1)) — m“ofﬂ — 0 1” + EHbeQ, (169)

where h*(x;) = ming h(xy, 6).

48



Bilevel Optimization over Saddle Points of Zero-Sum Markov Games

For the error term bf, we obtain

2
IbF]1* = || Veh(ze, 0F) — gt ||
1 1 A - N > = 2
= H)\VQf(zta 95) - Xvef(ft,ef; B) 4+ Vgg(wy, 95,9 (w4, 9?)) — Vog(wy, Of, 954_1; B, H)

o} - 2
< 57 4| Vodtan 08,0 (00, 05) - Vgt 0F, 85|

2
+4|Vogoe, 0F, 05) = Vo (ar, 08,05+ By, )| (170)

where the second equality follows from g(z¢, 0F) = §(z¢, 0F, 0% (x4, 0F)) and the corresponding gradient identity with
respect to 6.

We first consider the second error term between Vg and Vg§(~; By, H), which arises from the stochastic gradient estimation
with batch size By and the finite-horizon truncation with horizon length H. We have

B |[Voton, 0. 05°1) — Vudon of. 85 B 1)

~ ~ ~ 2
< 9E {ng(xt,af,ef“) ~ Vai(ae, 050 H) ]

B, 2
1 ~ .
+ 2K Hveg(azt,ot 0P H) — 5 > Vogi(w, 08,6, H) (171)
i=1
o g2, 2 | 405
<4y ol + 21, (72)
B,
where the last inequality follows from Lemma C.15 and Lemma C.16.
The first error term can be bounded as
Hng(xh 957 6‘*('Tt7 9?)) - Vgg(xt, 957 éf+1)“2
< L%, dist(0" (2¢,07),07 ") (173)
= L%J diSt2(¢ (xt,wt) k+1) L%,l diStQ(w (xt7¢t) k+1)
212 212
< B (T 0 = Daleevh) + 2 (<o 9 + o) (174)

where the first inequality follows from the Ly ;-smoothness of g in Lemma C.11; the second inequality follows from the QG
condition implied by the 1 ;-PE condition of J(z, ¢, ) in Lemma C.7.
We next bound the optimality gap of J. By the L ;-smoothness of J(z, ¢, ) and p;-PL of J(x, ¢, 1) in ¢, we have for

1
N S Ly’

J(Ifa k+17 q/}t ) JQ(I{:7 ¢f)
< J(@e, 88 0F) — Ta(ze, 0F) + (Vo d (ze, &F ), 0T — oF) + —W“ oF 2
= J(@e, 3, 0F) = Jalae, ) — LI Vod (e, )|

Lian; i Y
; ( 10 ) a2+ 1 |V B, ) — P

~ 77 ~ 7’] ~
< T G, 0F) = ol 0F) = 29T (w0 G, 0|2 + 2|V o T, O, 0F) — P

< (1= pmg) (I (oo, 3, 08) = Jalaes ) ) + 2 Vo (@, 6 0F) = g, (75)
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where the first inequality follows from the L j ;- smoothness of J(x, ¢,1); the first equality follows from the update rule
of ¢} and the identity (a,b) = $||a||® + 3||b]|> — 3|l — b||?; the second inequality follows from 74 < +—; and the last
inequality follows from the u;-PE condition of J (:Jc7 o, 0).

The error term can be bounded as
Tk ok k||
B [V ton ) - ot

~ ~ ~ 2
=8 ||V ) = Vi on, 3t ot B )|

<8 [ [V ton, 08 ~ Vadton vk )|

B
~ 1 ~ ~
+2E Hwﬂxt,df,wf;m -5 > Vodi(we, &f f; H)
i=1

2
< 2920 252, *‘j%f (176)

where the last inequality follows from Lemma C.15 and Lemma C.16.

Therefore, the optimality gap of J w.r.t. ¢ can be bounded by

_ 2
(e O 0F) = Talwe, ) < (1= pmg) (@, 68, uF) = Jale vf) ) + 16 (vQHH%%I + ;) .oam

Similarly, for 1y, < +—, we can bound the optimality gap of J w.r.t. 1 by

~ 2
(xt7¢t7 k+1) + Jl(xh(bf) S (1 - Man) (—J($t7¢f7¢f) + Jl(xh(bf)) + 771/1 (72HH20'%{ + ;;) . (178)

Thus, substituting the above two inequalities back into (174), we have

IVog (s, 607,67 (21, 6F)) — Vog (s, 07, 6;)|?

IN

200 (00, 41,08) = o 68)) + 2L (o, 0, G57) 4 1 o)
. , Py 2\ T, Yy 1Ly ty Pt 1\4ty, Py
2

2L= . 212 -
<%l - ing) (J(l‘tﬁfﬂ?f) - J2($t’¢f)) - Hay) (—J(l‘tﬁfﬂ?f) + J1(1‘t,¢>f))
125 HJ

212 o2
+ 9,1 + ( 2H pr2,2 4 J)
e (e +np) { v nt g,
2L2 - 212 5
< 81— ) (T(@e, 6, 08) = Talwe, ) + =21 = pumy) (=T (e, 08, 5F) + i, o))
i1 g
16L 1 < 2H 772 2 U%)
4+ —= H o + —=
1% 7 27 By
ko k k k Tk k 16L 1 2H 172 2 03
SK/b (J(xta¢tth)_J2(xta¢t)_J(xtagbtth)—’_‘]l(xtagbt))+T v H 0H+E ) (179)

where x; 2 max { 2Lga (1 —u J77¢) (1 — ,anw)}, and the second-to-last inequality follows from Lz, = 2L in

Lemma C.11 and 74 S Tm’ Ny < LJ,l'

50



Bilevel Optimization over Saddle Points of Zero-Sum Markov Games

Combining the preceding estimates yields the following bound on the error term b¥:

E |:||bf||2j| é Kb]E (J(xtv é??djf) - J2($tﬂ/}f) - J(xta ¢§7/&f) + Jl(xta ¢f))

Lja 2H 772 o7 2012‘
16 (1 4+ —— Ho — —_—,
+ ( + 22 > (v R RS

Moreover, by the L j1-smoothness of J(z, ¢, ), and L j, 1-smoothness of J5(z

Lz, 1 is absorbed into the NI smoothness constant L, 1, we have, forng < 1/(Lj1 + Ly, 1),

J(iEt, ~k:+1a k+1) - JQ(xt; k+1)

< J(@e, 6L 0F) = T, F) + (Vg d (v, 65T 00F) = Vo (e, vF), v

L + Ly

+ [l = e

< J(xta k+17wt) J2(=T/ta7/’t ) +779LJ1 dlSt( k+17¢*(xta¢f))“

+ (LJ,l +LJ2 )770 ” f+1 1%9“2
2 Mg

J(@e, o5 0F) = Ja(we, ) +

noLsy | (Lii+ Lya)n; f“ —YF 4
+ + | 1%
20 2 Mo

0“79 J1

Ya >0

kJrl wt H

7o

dist?(¢F T, ¢* (24, 9F))

< J(zy, k+1ﬂ/}t) Jo (24, F) + omeLya (J( kHJ/Jt) Jz(mﬂ/’f))

122

L L L 2 kL _ ok

+ NeL g1 + ( J,1 + Jz,l)ne || t ¢t HQ’ Ya >0
2¢ 2 Mo
angL ;

— (1+ (76 82 08) = oo,
125}

L L L 2 kL _ ok

+ <779 J,1 + ( J1+ J271)770> || t wt HQ’ Va > 0,
2« 2 Ul

— 1)

(180)

, 1) established in Lemma C.12, where

(181)

where the second inequality is due to the L ;-smoothness of J; the third inequality uses the fact that ab < %aQ + ib2 for

any o > 0; the last inequality follows from the ;. ;-PL condition of J.

Now substituting (177) into the above inequality, we have

J(xh k+17 f+1) JQ(xD’L/} +1)

anglLj, ~ neL, Ljyi+ Ly, 1)n5 P gk
< (14 B (1 ) (a0 — ) + (gt (Bt Lot ) 02 U
L 2
+ <1 T 0”79‘“) Mo (WQHHQ T > . Ya>0. (182)
K B;
Let
angL
o <1 + 77;]‘”) (1= npps)
- Ly n Ly +LJ2.,1’
2npcx 2
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where the definition of 5,1 absorbs the factor 1, % from ||(1y ™ — 1b¥) /ng||?. Then we have

J<xtv~f+1’ erl)_J?(xt’ erl)

i I I _ + L 2 k+1 )k
S ’il,l (J(mt7¢f71/)f) — JQ(It,QZJ?)) + (77'920;],1 + ( J,1 5 J2,1)779> || t " T/’t ||2

anglL 2
+ <1 4 Yoz J’l) o (’)/2HH20121 + g)
K J

~ angL o2
= (TG, 36,08 — JaCor, o)) - manllof* = b P4 (1 S Y (2 FL). sy
Similarly, by the L ;;-smoothness of J(z, ¢,), and L, 1-smoothness of J1(z, ¢), we have forng < 1/ (L1 + Ly, 1)
and any o/ > 0,

- J(QTt, f+1 ~f+1) + J1($t7¢f+1)

~ L L + L 2 k+1 _ 1k
< ko (J(xt,¢f,wf)+J1(xt,¢§))+(n(;a{,l L (L 2J1,1)779)| A . o |2

/ L 2
+ 1+m 777!’ ’YZHHQU%I'F&
K By

~ a'ngL o2
=z (= 0b 08+ Do) + maalet ™ = o2+ (14 T Yy (2o 4 2 s

where

(1>

o gL
K1,2 (1 + 26271 J’1> (1 =nyps),
K

Lji | Lji+Lja
2nga/ 2 '

lI>

K22

Therefore, we have

J(xta ~1]§€+1 1];:+1) - JQ(xta 1]56+1) - J(xh 115€+1 ~f+1) + Jl(xt7¢1]f€+1)

< K1 (J(xtaqu,wf) - JQ(Cﬂt,'Il)f) - J(.Tt,(bf,”(/;f) + Jl(xtv(bf)) + H2H9i€+1 - 92{6”2

L 2 / L 2
n (1 e/l JJ) N (,YQHH20_%I n UJ) n (1 L e J,1> - (,Y2HH2O.%I + UJ) , (185)
7y B, I By

where k1 = max{r11,k1,2} and kKo = max{ks 1, K22}

Since our goal is to derive a joint recursion involving both % and J, we multiply the preceding inequality by a positive
constant ¢ > 0 and add it to (169). Define

JE = J(@e, & 0F) — Jo(e, vf) — T (w4, 6, 0F) + J1 (e, 6F).
Then we have
h(ze, 9;’”1) — h*(zy) + cth+1

1
< (1= ) (e, 8) — b () + ( - 4779) 61 = 6512 + L2812 + ewy T

L 2 "m0 L 2
+c (1 4 “) s <72HH20?1 + U*’) e (1 4 ot ‘“) M (72HH20§1 + U") .86
"y, By e By
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Taking expectation with respect to all sources of randomness and substituting the bound on b} from (180) into the preceding
inequality, we obtain

E [h(ze, 07T") — B (20) + I

< (1= nmo)E [h(ar, 0) = h*(2)] + (emr + T ) E [F] + (m - 1) E [[l65*" - 6511%]

41
LJl) 22 2, 07 O-J% < 0”79LJ1> ( 2H 7r2, 2 J?I)
+8ng {1+ —= H?ch+ L+ =L | +c(1+——— H?*c} +
" < [ 7 "7 B, " BX 5} T\ 7
a'ngL o2
+C<1+770J,1> My ('yQHHQaIQLI—i—J) . (187)
K By
To obtain a contraction, it suffices to impose the following two conditions:
1 cLjq cLji+cLj, 1
_ - = : ’ Ta 188
e 4dng  2ng minf{a, o'} + 2 4ng (188)

1 L, 1
= — 4+ L Ly, — =] <0,
20 (C (min{a,a’} + Ljine + Ly, 779) 2) <
where L, =max{Ly, 1,Lz,1},and
cK1 + %/‘% < c(1— pnng).

Since

angL a'ngL
m:max{(HM) (1_%M)7(1+M) (1_nqu)},
ma wy

2
2L7
1254

n
three inequalities hold:

and k; = max { QLi*l (1— pang), (1- MJW)} > 0 is independent of 7, it suffices to ensure that the following

angL
c <1 + 77;“) (1 —ngps)+ n—;m —c(1 = ppmg) <0,
J

o gLJ (7
c (1 + 77/”1) (1 —=nypy) + %f% —c(1 — pnne) <0,

N |

L
c( i J,1 / —|—LJ71’I79+LJ,*779) <
min{a, o'}

Choose

- Ky
= o0 nenn) >0
[— 1254
& = T O-nens) >0
. 1
¢ = min{ s ,1} >0
(min{a,a’}-‘rLJ’l-i—LJ’*) . (189)

ne < min{(ngps)(2 + 2un + %)717 (Npaes)(2 4 2up + %)71, ﬁv ﬁv 1}
ne < min{z—, e, 1}

: 1 1
Ty < mln{ Ljy1’ py+1° 1}
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With these choices, ¢ = O(1), ng = O(1), ny = O(1), and 1y, = O(1). Moreover, we obtain

angL
c (1 + n;J‘”) (1 —nops) + %efﬂb —c(1 = pnme) =c ( Net.s + 1o (1 + 5 + Mh)) - %w <0, (190
a'ngL
c(1+n;]"’1) (1_77111NJ)+%/%_C(1_#H79 c( i + 1o (1+f+u )) W“ <0, (19D
Y (RS SR— VL 4Ly ) <z (192)
min{a, o'} J176 Jx10 m{a o'} J1 J,x 2
L L
max{<1+0”79%1),<1+0”'9 Jl)} max{l+ —1 1+ } <. (193)
I I L—ngps’ 1- WMJ

Therefore, we have

E [h(zs, 05 ) — B (1) + e JF ]

Ly o7 U?
<(1- E [h(x:, 0F) — h* JF] +8np (14 == MHp2e2 4 2y T
<( LRT) [(xt,t) (x¢)+c t}+ 779( +NJ)<,Y oy +BJ+B)\2
0”76LJ,1> ( 2H 772 2 03) ( 0/770LJA,1> ( 2H 172 2 J?])
|1+ "= H?0h + =L ) +c|1+ = H?0% + L
( P Ne | Y H B, oy My | Y H B,
& k Ly 2H 772 o}
< (1-— E A 07) — h* J 12(1+4+ — H*o 194
< (1= pnno)E [h(ze, 0F) (z¢) + cJf] + (+w) ¥ +B +BA2 : (194)

where the last inequality follows from the parameter choices in (189) and the upper bound in (193).

Denote

g a1 Ly ~2H 2 o} o} 2H 172 1 o}
o = —I—MT HUH+?+BA2 =0nW*"H*)+0O BJ +0 B ) (195)

Here, o and o7 are constants from Lemma C.15 and Lemma C.16, respectively, while o is the variance bound in
Assumption 3. Thus, only the dependence on o7 is retained explicitly in the final bound.

By unrolling the preceding inequality over k = 0,1, ..., K — 1, we obtain

E [h(x1,0) = b (2) + T[]

K—
< (1= punno) “E [h(z, 07) — h*(2¢) + cJ} ] Z (1 — pnne) " By
k=0
12
< (1= punng)“E [h(z, 07) — h* (20) + cJP] + MEQ (196)
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For notational simplicity, we suppress the expectation notation whenever it is clear from context. Then we have

dist® (0, 0% (21)) + cdist® (05, 0% (¢, 0))

(@) 2 2
< = (h(ze, 05) = h* (z)) + c—JEK 197
_Mh((t i) (z1)) L 197
®) 2 K * K
< /7 (h(a:t,Gt ) — h*(x) + ¢J; ) (198)
)

() 2 24
< Z(1- 9K<hm,90 — h*(z +cJO>+ Ey (199)

(0 o) (e ) = () 400 ) 4
(d) 2 22 (00 pr 22 ([0 px 0 24

< - 1nme) < Lo (dlst (69,605 (x1)) + cdist (et,e (mt,Gt)>) + B (200)
— 1 _ K ct2 (pK * 212 K K 24
= (1= ) Ly (dlst (051,05 (z,)) + cdist (af L0 (xt,ﬁt_1)>) + o Eo (201)
(e) 4 K 42 (GK g K 24

S — (1 — unne)™ Ly (dlSt (Ht 1,9>\(act,1)) + cdist (0,&71,0 (%4,@4))) + e Ey

4 . * * . * *

+ %(1 — unne) X Ly (dlst2 (0% (x4), 0% (z1)) + cdist? (0% (z4,0/,),0 (mt_l,GtK_l))) (202)
) 4 X« 24
< —
S exp(—punneK)Lg (dlst (Ht 1,9)\(xt,1)) + cdist? <9t 1,07 ($t71,9t71))) + H%U&EO

4 L]Q'L 1 2 2
+ % exp(—unnoK) Lo | —5— +cC3 | ||z — z¢—1]| (203)
h

AL « 24
< ¢ _
S exp(—pupneK) (dlst (Ot 1,0)\(@,1)) + cdist? (Ht 1,0" ($t71,9t71))) + M%U@Ee

4L L?
+ =2 exp(—pnmp K) (;’ + 03) |zt — @z |, (204)
He Mo

where (a) follows from the QG condition implied by the u;,-PE condition of & and the p;-PL condition of J; (b)
follows by setting 19 = min{up, s} > 0; (c) applies the recursion in (196); (d) relies on the Ly, ;-smoothness of h,
the L -smoothness of .J, and the definition Ly 2 max{Ly1,Ls1} > 0; (e) is obtained by applying dist*(A, B) <
2 dist?*(A, C) +2 dist?(B, C) to separate the terms involving x; and 2;_1; and (f) is a consequence of Lemma 4.1 of Chen
et al. (2024) and Lemma C.10, which give the Lipschitz continuity of 6% (z) and 6*(z, §) with respect to . Note that the
distance in Definition 1 is no greater than the Hausdorff distance used in Chen et al. (2024).

By choosing K > o ne log M , we ensure that 4L9 exp(—upneK) < % Therefore, we obtain

dist? (01, 0% (1)) + cdist? (0, 0" (z,, 6))

1 K g s 22 (AK = K 4Ly L2 2 sz-i-l _sz
2— (dlst (65,0 (x0)) + cdist (490 0% (20,6, ))) + EGXP(—/MWIQ ; +C; g =i
0
t—1
24 1
E —_

1 2L i . ) _— 4Ly Tiv1 — zi||?
— 9(1 — unme) X (dlst2 (98,9>\(x0)) + cdist? (98,9 (1:0,98))) + —exp( purneK) E M
-2 1o Lo P At—1

48 1 24
+—5—FEo+ —-——FEp

15me 2! pgne
1 4Ly 4Ly ||a:z — ;|2 72

< ———exp K)Ag + —eXp K) FEy, (205)

2 g (—pnmo K)Ag Lo (=mnne E ot—i—1 120 0

=0
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where

AG £ diSt2 ((¢0a ¢0)> <¢;($0)7 W)k\(xo))) + CdiSt2 ((¢0) 7/}0)7 <¢* (.’IJ(), ,(/10)7 ’(/}*(‘CEO’ d)o))) (206)
is the initial optimality gap of the parameters, and the second inequality is obtained by applying (200) at ¢ = 0..
Substituting this bound back into (167), we obtain
E[IE[] - VL3 (0]

202, + 32\2L% | + 32X\2L%  C? ~
< 20 J.1 J1 E[distz(ai(xt),ef)+cdist2(a*(xt,9{<),9{<)}+16A272HH201%,

c
1 4Ly 4Lg o o [llzies — il
< Ol?ﬁ exp(—punneK)Ag + Clﬁ exp(—pnne K) ;]E T
72 2 2H 172 2
+Cy o Ep + 1632427 H252, (207)
]
2 2r2 2r2 2
where Lz 1 = 2L ;1 by Lemma C.11 and C; £ 2Lpa 8L 132 L0 Or _ ()£2),
g, 3 y c

Summing the above inequality over t = 0,1,...,7 — 1, we have
=
* 2
= > E[IE6] - VL (o))
t=0

T-1 T—1t—1
4L 1 1 4L 1 Tiy1 — |2
< 017: exp(—pn1o &) Ao > o T 017: oxp(—unmeK) = Y Y E {H”]
t=0 )

e t—i—1
T t=0 =0 2
72
+ Oy o Ep + 16)\*y*H H? 0%, (208)
6
T—1
C1 8L 8L 1
< ?17: exp(—unneK)Ag + 017: exp(—pn1o ) 7 ; E |z — 2]
22 o?
+0 +OPPHAN +0 | L (209)
B, B

where the second inequality follows from the definition of Ey in (195) and the geometric-series bounds ;F:_Ol 27t < 2and
=1 9—(t-i-1) < 9 O
t=i+1 =4

Lemma C.19. Under Assumptions 1, 2, and 3, suppose that Algorithm 1 is run with X\ > X\g. Then we have

T-1

1 2
7 2 E[lte - vE@)l
T—1 2 2

3 « 2 O'f A )

< 2 _ _I -z

TgE[wt] VL ()| ]+O<B>+O<BJ>+O(A ).

Proof. By adding and subtracting E[¢;] and V L} (z,), we have
16 = VE(z)l| < [[6e = BIG|| + B[] = VLI (@) || + VLY () = VE ()] (210)

which implies that
E[llt - VF()]
< 3E [llt: - EI6]*] + 3E [IIBle] - VL3 (@017 + 31V L (22) = VF ()|

< 3B [ll6, — E[6]I?] + 3E [|E[e] — VL3 (@) IP] + 002, @1
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where the last inequality follows from Lemma 4.3 in Chen et al. (2024).
Moreover, by Lemma C.17, the first error term can be bounded by

207 8\%03
E|||6, — E[¢,]|?| < =L + T
e~ ERI] <+ 5

Therefore, telescoping from ¢t = 0 to 7' — 1, we have

1 T-1
7 > E[llt— VF(@)|?]
0

3 tT 3 T-1 )

<7 [net ElIP] + 2 D E [[Ble] - VL @)IP] + o)
t=0

60 24/\20 3« _

T T;} [IE] - VL3 @) ] + 0(2)

<3S B [jEle - v @l + 0 <f> e (g}) LOR).

t=0

/\

Theorem C.1 (Theorem 1). Suppose Assumptions 1, 2, and 3 hold. Let A > \q, and let the step sizes satisfy

1 1
< —, = kO, , Ny < min ,1lp.
77x_2LF 7o N> Thp {LJI /Lg-i-l }

Then, for the iterates generated by Algorithm 1, choosing K = O(log \) yields

LS B [Ivr@I?) < (AF>+O<?> +ONHH?) + O HO@ZI)

t=0

where Ap = E[F(zg) — F(z7)].
Choosing T = O(e™1), A = O(¢7/?), K = O(loge™"), H = O(loge™'), By = O(¢72) and B = O(
obtain

E [[IVF(z:)|I”] < O(e).

t=0

Nl =

Proof. By the L p-smoothness of F'(z) in Lemma C.14, we have for 1, < ﬁ,

L
F(zr1) < F(ae) + (VF (1), 201 — 20) + |21 — |

N ne 3L Ne
= F(z) - 3||VF(fEt)H2 (5 5 F)H&Ilz + - II& — VF(zy)|

Na 1 -
< Fx) — 3||VF(rvt)H2 - Ellwm — x| + 3||€t — VF(zy)|.

212)

(213)

e 1), we can

(214)

Taking expectation over all the randomness and telescoping the preceding inequality from ¢ = 0 to 7" — 1, we obtain

T— OR [F _F T-1 T—
LS (IR < ZEEFen) | 25 g iy, vpp] - TZ (v i) @15
t=0 v t=0 t=0
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By Lemma C.18 and Lemma C.19, we have

1 T-1
7 2 ElIVF@)?]
t=0
2E[F -F 9 T—1 —
< [ (:U?])T (z7)] + 7 > E [ |6 — VF(x,)] } Z (@1 — 2?] (216)
v t=0 =
T-1 9
PGy o) 85 i wu]w(;)w( Y, oppn o0
”’ t=0
11«
22 T 2 Bl — ] 217)
T t=0
2K [F'(z0) — F(z1)] o} o oH 1 22
= naT +O<B +O(A\?) +0 (N H)+O<BJ>
AQ 7KA L 1 1 T—1
+0 (6T9> + (4801,UZ exp(—upneK) — 2772) 7 Z E [||$t+1 _ xtHQ] , 218)
z t=0

2L% 1 +320°L7 1 4+32)%L% , C2
c

By taking K = O (log \) such that

where C = = O()\?) and Ay is the initial optimality gap of the parameters defined in (206).

Ly 1 )\Qe_KAG —2
4801; exp(—pnne K) — 2 <0, O(#) <O(\77),
we have
T— 2
Ap gy 2 _2H 172 —2 A2
?; [IVE(z)|?] < (T)+O<B>+O(A~y H*)+ 0 (A% +0 B ) (219)

where Ap = E [F(zg) — F(z7)].

Now we consider the requirements for the step sizes to ensure the above bound. For the step size 7, in the outer loop, we
justneed n, < 5 L , which is required by the descent lemma of F'(z). For the step sizes ng, 74, 7y in the inner loop, we

need the conditions in (189) to hold. Thus, 74 and 7, should satisfy 74,7, < min{ L1; T 1+1 ,1}. Note that p; = pg
from Lemma C.7 and C.8. In (189), it can also be verified that ¢ < x~2 and k; =< x2. Thus, % = k™, so we
can choose 1y < k~°.

Choosing T = O(e™!), A\ = O(e7'/2), K = O(loge™ '), H = O(loge™ '), By = O(¢72), and B = O(¢™ '), we obtain

T—

,_.

E[[VE(z)]?] < O(e). (220)
t=0

Nl

The resulting total sample complexity is

T-K-(B+Bjy)=0(?).
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D. Additional Experiment Details
D.1. Synthetic Problem

In this experiment, all algorithms are evaluated using the same environment and initial parameters. The discount factor -y is
set to 0.99, and the maximum trajectory length is 3. All algorithms use Monte Carlo sampling to estimate policy gradients,
with a batch size of 16. The regularization coefficients 74 and 7, are set to 0.1 for all methods. Each algorithm adopts a
double-loop structure, with 10 iterations in the inner loop. For the PANDA algorithm, the learning rate for the UL parameter
x is set to 0.05, while the learning rates for the policy parameters ¢, 1, ¢, and ¢ are all set to 0.1. The penalty parameter A
is set to 4.0. For the PBRL algorithm, the learning rate for x is 0.05, the learning rates for ¢ and ¢ are 0.1, and we also use
a learning rate of 0.1 for updating the policy parameters in the inner loop to estimate ¢* and *. The penalty parameter A is
set to 4.0. For the DA algorithm, the learning rate for z is 0.05, and the learning rates for ¢ and 1) are both 0.1.

D.2. Sentinel-Intruder
D.2.1. 5 x 5 GRID

In this experiment, the environment discount factor + is set to 0.99, the maximum trajectory length is 20, and the regulariza-
tion coefficient is set to 0.1 for all algorithms. The state in the environment is represented as a 4 x 5 x 5 tensor. The first,
second, and third channels are one-hot encodings of the sentinel’s position, the intruder’s position, and the target location,
respectively, while the fourth channel represents the positions of restricted areas. The action space of each policy consists of
five actions: moving up, down, left, or right, and staying in place.

Each policy is composed of a convolutional layer followed by a fully connected layer. The convolutional layer uses a kernel
size of 3, stride 1, padding 1, and outputs 32 channels. After a ReLU activation and a global average pooling operation, the
features are passed through a 32 x 5 fully connected layer and a softmax layer to produce a probability distribution over the
actions. The parameterized reward function r, has a similar architecture, consisting of a convolutional layer and a fully
connected layer. The convolutional layer shares the same structure as that of the policy network and outputs 32 channels.
After ReLU activation and global average pooling, a hidden representation of the state is obtained. Meanwhile, the actions
of the two policies are mapped to two 8-dimensional vectors through a fixed embedding layer. The state representation and
the two action embeddings are then concatenated and passed through a 48 x 1 fully connected layer and a sigmoid layer to
produce the final reward value.

All algorithms use Monte Carlo sampling to estimate policy gradients, with a batch size of 64. Each algorithm adopts
a double-loop structure, with 10 iterations in the inner loop. The learning rates for the UL parameter x and the policy
parameters ¢ and ) are selected by grid search over in {1,2,5} x {1073,107%,107°}. The penalty parameter ) is set to
4.0 for both the PANDA and PBRL algorithms.

D.2.2. 20 x 20 GRID

O
O O
E Sentinel
O O Intruder
O [ Restricted Area
[ Target
O O
O

Figure 5. The 20 x 20 grid environment for the Sentinel-Intruder game. Dark blue cells represent possible sentinel spawn locations, red
cells represent possible intruder spawn locations, yellow cells denote restricted areas, and light blue cells indicate target locations.
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Figure 6. Sentinel-Intruder results on the 5 X 5 grid, averaged over three random seeds. Left: UL loss vs. number of sampled trajectories.
Right: LL NE gap vs. number of sampled trajectories.
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Figure 7. Sentinel-Intruder results on 20 x 20 grid, averaged over three random seeds. Left: UL loss vs. number of sampled trajectories.
Right: L. NE gap vs. number of sampled trajectories.

The basic experimental configuration is the same as in the 5 x 5 grid environment, except for the state dimensionality and
network architecture. In the environment, each state is represented as a 4 x 20 x 20 tensor, where each channel has the
same interpretation as in the 5 x 5 grid environment.

We use CNN-based policy networks. The network contains two convolutional layers with 32 and 64 output channels,
respectively. Both layers use kernel size 3, stride 1, and padding 1, and each is followed by a ReLU activation. The resulting
feature map is flattened and fed into a fully connected layer with 256 hidden units, followed by another ReLLU activation.
The final linear layer outputs logits over the 5 discrete actions, and a softmax layer converts these logits into an action
probability distribution. The parameterized reward function 7, is also implemented by a CNN-based neural reward model.
The state tensor is first encoded by three convolutional layers with 32, 64, and 64 output channels, respectively, each using
kernel size 3, stride 1, and padding 1, followed by a ReLU activation. The resulting feature map is processed by adaptive
average pooling to obtain a 64-dimensional state representation. The actions of the two agents are embedded into two
16-dimensional vectors, which are concatenated with the state representation. The concatenated 96-dimensional feature
vector is then passed through an MLP with one hidden layer of dimension 128, followed by a sigmoid output layer to
produce the final reward value.

All algorithms use Monte Carlo sampling to estimate policy gradients, with a batch size of 64. Each algorithm adopts
a double-loop structure, with 10 iterations in the inner loop. The learning rates for the UL parameter x and the policy
parameters ¢ and v are selected from the best combination in {1,2,3,5,8} x {1072,107%,107°}. The penalty parameter
A is set to 4.0 for both the PANDA and PBRL algorithms.

D.2.3. ADDITIONAL EXPERIMENTAL RESULTS

The results in Figures 6 and 7 show that, in both the 5 x 5 and 20 x 20 grid environments, all algorithms reduce the LL NE
gap to nearly zero, indicating that they can effectively solve the LL problem. However, PANDA achieves lower UL loss than
the baseline algorithms.
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